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Abstract 

Consider the Boltzmann equation in a strictly convex domain with the diffuse boundary condition. We 
construct W 1 ' 9 solutions for 1 < p < 2. With the aid of a distance function toward the grazing set, we construct 
weighted W 1,p solutions for 2 < p < oo and classical C 1 solutions away from the grazing set. 

1 Introduction 

\ Boundary effects play an important role in the dynamics of Boltzmann solutions of 

*S'- d t F + v V X F = Q(F,F), 

- 

where F(t,x,v) denotes the particle distribution at time t, position x £ fl and velocity ufl 3 . Throughout this 
paper, the collision operator takes the form 



(N 



Q(Fi,F 2 )= [ [ \v - u[<q (e)\F 1 (u l )F 2 {v l ) - F l {u)F 2 {v)]diodu = Q gain (F 1 ,F 2 ) - Q ]a *(F 1 ,F a ), 



> 

0^ ' where vf = u + [(v — u) ■ uj]us, v' = v — [(v — u) ■ u]u) and < 7 < 1 (hard potential) and < qo(0) < C\ cosQ\ 
(angular cutoff) with cos^ = \ V v Zu\ ' UJ - 

Despite many developments in the study of the Boltzmann equation, many basic questions regarding solutions 
in a bounded domain, such as their regularity, have remained largely open. This is partly due to the characteristic 
nature of boundary conditions in the kinetic theory. In [7], it was shown that in convex domains, Boltzmann 
solutions are continuous away from the grazing set. On the other hand, in it is shown that singularity 
(discontinuity) does occur for Boltzmann solutions in a non-convex domain, and such singularity propagates 
precisely along the characteristics emanating from the grazing set. In this paper, we establish the first Sobolev 
' regularity for Boltzmann solutions in convex domains, with a diffuse boundary condition : 

a" 



F(t, x, v) = Cnfj,(v) / F(t, x, u){n(x) ■ u}du, for (x,v)£j-, 

where c M J n ^ x y u>Q IJ>(u){n(x) ■ u]du = 1 and the incoming set 7_ = {(x, v) £ d£l x R 3 : v ■ n(x) < 0}, the outgoing 
set 7 + = {(x, v) £ dil x M 3 : v ■ n(x) > 0} and the grazing set 

70 = {(x, v) £ dn x R 3 : v ■ n(x) = 0}, 

with n = n(x) the outward normal direction at x £ dfl. 

The goal of this paper is to study regularity of solutions near the Maxwellian constructed in [2], for which 

L°° uniform bounds with polynomial and exponential weight in the velocity have been established. We denote 

hi 2 

F = fi + y 7 /!/, where /1 = e 2 is a steady normalized Maxwellian. The perturbation / satisfies 

d t f + vV x f + Lf = T(f,f), /| i=0 = /o, 

r n\ 

f(t,x,v)\ 1 _ =Cfj,\/fi(v) / f(t, x, u)^n(u) {n(x) ■ u}du, 

J n(x)-u>0 
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where the linear Boltzmann (symmetric) operator (see 0) is given by 
and the nonlinear Boltzmann operator (non-symmetric) is given by 

r(A, h) = ^=Q(Vtfi> yfch) = r g ai„(/i, h) - rioss(A, / 2 ). 

Throughout this paper we assume there exists £ : M 3 — +• R so that VL = {x G R 3 : < 0} and for all 
£(sc) < and ( e R 3 

X;%^)CiO>Qici 2 . (2) 

We denote || • || p the L p (f2 x R 3 ) norm, while | • | 7iP is the L p (9f2 x R 3 ;d7) norm and | • | 7±)P = | • l 7± | 7iP where 
d7 = \n(x) ■ v\dS x dv with the surface measure dS x on 8tt. Denote (v) = sj\ + \v\ 2 . We define 

d t f(0) = d t fo = -v ■ V x f - Lf + T(f , f ). (3) 

Theorem 1. Assume that f g W 1,p (t~l x R 3 ) and \\d t fo\\p < oo for any fixed 1 < p < 2, and ||(^) /3 /o||oo "C 1 
for /3 > 4, and £/ie compatibility condition on (x,v) 6 7_, 



fo(x,v) = c mV /^(w) / / (x, u)v / M( w ){«(a ; ) • w }dw, (4) 

«/ n(a:)-ii>0 

t/ien / e L^ c ([0,oo); W^{Vt x R 3 )) smc/i i/iai for allt>0 

\\dtf(tW p + \\V x f(t)\\ P P + l|V„/(t)||> + jf { \d t f(s)\l p + \V x f(s)\l p + \V v f(s)\l p }ds 

<t \\dtfo\\ p p + \\VM\ P P + \\VvM\ p p . 

We remark that, from 015], the assumption ||(f;)^/o||oo <C 1 without a mass constraint ff axWL 3 foy/T<-dvdx = 
ensures a uniform-in-time bound as sup 0<t<oo ||(f)^/(£)||oo ^ ||(v)' 3 /o||oo (not a decay). We also remark that 
this estimate is a global-in-x estimate which includes the grazing set 70 and the constant grows exponentially 
with time, and there is no size restriction on the initial derivatives. Moreover, in Lemma the estimate of ([5]) 
in Theorem [1] for p < 2 is indeed optimal even for the free transport equation dtf + v ■ V x f = with the diffuse 
boundary condition. In fact, the boundary integral blows up at p — 2. We therefore conjecture that / ^ H 1 in 
the bulk. 

We now illustrate main ideas of the proof. Clearly, both t and v derivatives behave nicely for the diffuse 
boundary condition as for (x,v) € 7-, 



d t f(t,x,v) = c^y/^v) / d t f(t, x, u) y/ fi(u){n(x) ■ u}du, (6) 

J n(x)-u>0 



W v f(t,x,v) = c i y v \JpL(y) I f{t,x,u)yJpL{u){n(x) ■ u}du. (7) 

Let Ti(x) and T2(x) be unit vectors satisfying t\(x) ■ n(x) = = t%{x) ■ n(x) and T\{x) x t 2 (x) — n(x). Define the 
orthonormal transformation from {n,T\,T2} to the standard bases {ei, 62,63}, i.e. T(x)n(x) — e±, T(x)t±(x) — 
e 2, T(x)t2{x) = 63, and T -1 = T*. Upon a change of variable : v! = T(x)u, we have 

n(x) ■ u = n(x) ■ r*(x)u' = n{x) t T t {x)u' = [71»7i(ie)]V = ei • v! = u[, 

then 

Cny/fi{v) I f(t,x,u)y/n(u){n(x) ■ u}du = c p \J ii{v) I f(t, x, T* {x)u')\J ' ^(u'^u'^du' , 

Jn(x)-u>0 Ju^X) 
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so that we can further take tangential derivatives d Ti as, for (x, «) 6 7_, 

J n(x)-u'>0 

dT\x) 



+ c^y/j4v) / V„/(t, x, u)— T{x)uy/ )i(u){n(x) ■ u}du 



n(x)-u>0 & T i 

The difficulty is always the control of the normal spatial derivative of d n . From the general method of proving 
regularity in PDE with boundary conditions, it is natural to use the Boltzmann equation to solve the normal 
derivative d n f inside the region, in terms of d t f, V„/, and d T f as: 



d n f(t,X ) v)=-^— { '<), J -! > Jr-r.ULf ! Lf Tif.f) } . (!)) 

at least near <9f2. Unfortunately, this standard approach encounters a severe difficulty: n ^)-v ^ ^loe m ^ ne velocity 
space (a L°° bound is desirable for any W 1,v estimate). 

The first new ingredient of our approach is to use ([9]) not inside the domain, but at the boundary dfl. Using 
special feature of the diffuse boundary condition and ([H]), © and ([SJ, we can express d n f at (x,v) € 7_ as 



d n f(t,x,v) = -— — <^ VMH / dtf(t,x,u)y/fi(u){n(x) ■ u}du 

n{x) ■ V { Jn(x)-u>0 

2 f 

1=1 Jn(x)-u>0 

Jl^ r dT^ix) 

+ /X v • T i) VW) / V v J{t,x,u) ' T{x)uyJ n(u){n(x) ■ u}du 

i=1 Jn(x)u>Q 

+ Lf-T(fJ) }, 

Due to the additional it integral in (jlOp and the crucial factor \n(x) ■ u\ in the measure d"f on the boundary 7, it 
is clear that the singularity |<9„/| p |n • v\ in (fTU|) is roughly of the order 

f 



{n ■ vjP- 1 



so that its v integration is precisely finite if 1 < p < 2, and indeed its v integration is uniformly bounded with 
respect to x. 

However, in order to control dtf, Vu/ and d T f for p < 2, a new difficulty arises. It is well-known from [7J [2] 
that a crucial boundary estimate for diffuse boundary takes the form of a L 2 ~ contraction: 



h z dj< / h z d 1 . 

Unfortunately, this is not expected to be valid for p 7^ 2, so it is impossible to absorb the incoming part 7 solely 
by the outgoing part 7+ part. 

Our second new ingredient is to split the 7+ integral into near grazing set 7^ and the rest for p 2 for our 
boundary representation for derivatives (j6]), (JSj> , and (fTU)) . For small e > we define 7+, the set of almost 
grazing velocities or large velocities 

7! = {(x, v) € 7+ : u ■ n(x) < e or |u| > 1/e}. (11) 
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Denote d — [dt, V x > Vu]. We can roughly obtain 



\df\ p < 

7- 



/ ( / Idflf^^in ■ v}dv I + good terms, 

JdVt \Jn v>0 ) 



<[ (f \df\fi 1/4 {n-v}) +[ (f \df\^ 4 {n-v}) + good terms, 

Jan \J{v.(x,v)<£~/' } I Jon \ •/{« : 0>*>)£7+Vyi} I 



< sup 



fi q/4 {n-v}dv\ [ |9/| p d7+ / | df | p d 7 + good terms. 



I{v(x v)e-( E } M { n ' v}dvj has a small measure of order e, for p > 1, 
so that it can be absorbed by the outgoing part J . Fortunately, the outgoing boundary integral JL, \ 7 e can be 
further bounded by the integration in the bulk and initial data by Lemma [4] with a crucial time integration. On 
the other hand, such a process produces a large constant in the Gronwall estimates and leads to a growth in time. 
Of course, such an approach breaks down at p = 1. 

We next prove higher regularity away from the grazing set 70. Our third new ingredient is the construction of 
a distance function towards the grazing set 70 to achieve this goal. We define a distance function toward 70 as 

a{x,v) ee i\v ■ VC(x)| 2 - 2{v ■ V 2 £(ir) • v}£(x)\ > (12) 

by ([2]) and a(x, v) is zero if and only if (x, v) is at the grazing set 70. We observe that 

v ■ V x a — {2v ■ V£(x)[v • V 2 £ -v]-2v V£{x)[v ■ V 2 £ ■ v] - 2v{v ■ V 3 £(ir) • v}£(x)} 
= -2v{vV 3 £{x) -v}Z(x), 

which is bounded by |w|a(a;,w) since {v ■ V 2 £(x) • v} ^ \v\ 2 from ([2]). This crucial invariant property of a under 
operator v ■ W x is the key for our approach. On the other hand, unless V 3 £ ee (for example the domain is a 
ball or an ellipsoid), a growth factor creates a geometric effect which is out of control for our analysis. We 
introduce a strong decay factor e - '^' with sufficiently large I > to overcome such a geometric effect : 



(13) 



d 2 {t,x,v) = e- l{v)t a(x,v)x(^e- l{v)t a(x lV )^ + 1 - x Q e~ l{v)t a{x, v)\ 

with a smooth cut-off function \ '■ Pi 00 ) ~~ ► [0> 1] such that —4 < x'{y) < and 

X (y) = 1 for < y < 1/2, X (y) = for y > 1. 

A direct computation yields 

{d t + v ■ V x }d 2 = {d t + v- Vje-' Wt Q x { X (e~ l{v)t a/e) + e' 1 ^ ( e - l{v)t a/s)[e- l{v)t a - 1]} 

= { - l(v)e- l ^*a - e- l{v)t 2v{v • V 3 £(x) • v}t(x)}{ X {e~ l{v)t a/e) + e^x' {e- l{v)t a/e)[e- l{v)t a - 1]} 

< (-Z + Oc(l))(v)e~' (t,> *a{x(e" Z< " > *a/£) + e^x' (e'^a/s^e-^a - 1]} 

= (-Z + O c (l))(w)d 2 x e-^a^xi^'a/e) + e^x' {e~ l{v)t a/ e)[e~ l{v)t a-l]^ / d 2 
~ E (-l + O s (l))(v)d 2 , 

from our cutoff function x- Here 0^(1) = 2 "^ T ' '^^^'"^ represents the geometric effect. Throughout this paper 
we choose 

2v{v ■ V 3 i(x) ■ v}( 
I > max — f^- — . (14) 

a\v) 

Remark that if £ is quadratic (for example the domain is a ball or an ellipsoid) then we are able to set I = and 

{d t + v-v x }d 2 = 0. 
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Theorem 2. Assume the compatibility condition Q) and recall f3|). For an V fixed 2 < p < oo and < 

A < i/ ||d A 9t/o|| p + ||d A V x / ||p + ||d A V t) /o|| p < oo and ||e c l' u l 2 /olU < 1 for some < C < \ then 

d x d t f 1 d x V x f,d x V v f e L% c ([0,oo);LP{Q x R 3 )) such that for all t > 0, 

\\d x d t f(tw p + \\d x v x f(tw p + \\d x w v f(tw p + J { \d x d t f( s )\P tP + \d x v x f(s)\^ p + |d A v,/( s )|^}d,s 

<t ||d A V t / ||£ + \\d X V x fo\\ P P + l|d A V„/ ||^ + l|e cl " |2 /o|IL- 

If ||dVt/o||oo + ||dV x /o||oo + ||dV„/o||oo < +oo and ||e c|l,|2 /olU < 1 for some < C < \, then dd t f,dV x f, 
dV„/ G L™ c ([0, oo); L°°(n x R 3 )) such that for all t > 0, 

Hdfit/WIU + ||dV /(t)||oo + ||dV x /(*)||oo <« ||dft/o|U + ||dVx/o||oo + ||dV„/o||oo + ||e fH 7o||oo. 
Furthermore, i/d/o € C°(fi x R 3 ) and 

v ■ VJ + Lf - r(/ , /o) = c mV 7I / {m • VJo + Lf Q - T(f , fo)}^{n ■ u}du, (15) 

Jn-u>0 

is valid for 7_ U 70, then df G C°([0, 00) x !1 x R 3 ) w^/i t/ie same estimate. 

There is again no size restriction on initial derivatives. Remark that the assumption \\e^ v \ /o||oo ^ 1 ensures 
a uniform-in-time bound sup 0<t<oo ||e^l'"l 2 /('fc)|j 0O < \\e^ v \ /o||oo due to [3 [2]. We remark for I ^ 0, d(t) ^ 
e _ ^ t, )*d(0) so that in terms of solution f(t), such an estimate not only creates an exponential growth in time, but 
also creates less integrability in velocity. Furthermore, when I 0, we crucially need a strong weight function 
e**' v ' to balance such a factor e - '^*, which produces a super exponential growth e* in time in controls of the 
non-local collision operator. We suspect that it is impossible to obtain a uniform in time estimate especially 
when I 7^ 0. Distance functions similar to d play an important role in the study of regularity in convex domains 
for Vlasov equations (O QUI), which can be controlled along the characteristics via so-called velocity lemma. 
However, such an approach has not been successful in the study of Boltzmann equation due to the non-local 
nature of the Boltzmann collision operator, which mixes up different velocities so that their distance towards 
70 can not be controlled. In addition of the key boundary representation, we establish a delicate estimate for 
interaction of d and the collision kernel d x K(-J^) in (|85|) for A < 2^1. An additional requirement A > is 
needed to control the boundary singularity in These estimates are sufficient to treat the case for A < 1, but 
unfortunately these fail for the case A = 1, which accounts for the important C 1 estimate. In order to establish 
the C 1 estimate, we employ the Lagrangian view point, estimating along so-called stochastic cycles ^7\&\. 

Our fourth new ingredient is a key estimate in Lemma H"2"1 Even though dK(^) is impossible to estimate 
directly due to severe singularity of ^ in the velocity space, along the characteristics, d ( s ^tzji ^ 1S integrable in 
time for a convex domain. Therefore, the integral 

Jo JR3 d 

can be controlled by first integrating over time, and we can close the estimate. 

Our paper is organized as follows: In Section 2, we establish some preliminary estimates. Section 3 is devoted 
to in-flow problems with the prescribed incoming data. Theorem Q] is established in Section 4, and weighted 
W 1,p estimate in Theorem[2]is established in Section 5. We finally conclude the proof of weighted C 1 estimate in 
Theorem [2] in Section 6. 

2 Preliminary 

It is standard to write the linear Boltzmann operator as 

Lf = v(v)f - Kf, 
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with the collision frequency v(v) = J s2 / R3 \v — n| 7 go( |"_"| ' k>)/i(u)dudw ~ (v) 1 for the hard potential < 7 < 1 
and 

Kf = f k(«,«)/(u)du, k = k 2 -k 1 , (16) 

where 



ki(w,u) = yj n{u)yj n{v)\u - I q ( r — — • w)dw, (17) 

Js 2 |« - tt| 

k2 ( M ' u ) = 1- 2 „.i2 e ^^' t '~ 1 '' 2 ~^ ( '" l '" = ''" > / go(M>-«l)e H ™ +?|2 (M 2 + |w-?f ) 7/2 d?«, 

*/ iu- (it— u)= 



\u — v\* 



where ^ is bounded, and <; = \ (u + v) - \ '^jjjf (u-v),so that <; • (u - w) = and | ? | 2 = ± | u + 1; | 2 - ± (l "^:g 2)2 . 
See page 44 of [8_ for details. 

Lemma 1. Recall &17\) and the Grad estimate J^\Sj/ for hard potential, < 7 < 1, 

„|2 1 (|v| 2 -|«| 2 ) 2 

Hu,v)\ < {\v-u\i + \v-u\- 2+ ^}e sl 1 8 . (18) 

For o > and — 2o < 9 < 2g and j3 € K, we have for < 7 < 1, 

, ,2 ( h 2 -m 2 ) 2 / 7 ,\/3 p e|u| 2 

and, /or 7 = 0, 

1 12 (M 2 -M 2 ) 2 ( v \Pp e \ v \ 2 

{|„_ M | + |„_ M |-2 }e -gl«-"l ~g ,„-„| 2 ^ / dn < /or any < 5 « 1. (20) 

Moreover for p G [l,oo), ifh,~S7 v h in L P (W 3 ), we have 

\\Kh\\ p < p \\h\\ p , \\V v Kh\\ p < p \\h\\ p +\\V v h\\ P - (21) 
Proof. The proof is based on [7] . Notice that 

< [1 + |„-,fi! e -»<l.lM„>, 

Set v — u ~ rj and u = u — 77 in the integration of (IT9"|) and (|2"U|) . Now we compute the total exponent of the 
integrand of ([ISJ and (gUJ) as 

- eM 2 - g l|T7 ' 2 7^ ~ 77 ' 2 - °{\ v - v\ 2 - M 2 } = -2q\v\ 2 + M« • v] - - iM 2 ~ 2v ■ v} 

= (-9 - 2q) \n\ 2 + (Ag + 29)vn- ^Q^~- 

discriminant of the 
16g(-6 - 2q) = 46> 2 - IQg 2 < 0. We thus have 

Therefore, for < 7 < 1 



Since — 2g < 9 < 2g, the discriminant of the above quadratic form of \rj\ and j3 is negative : {Ag + 29) 2 + 



I ,2 H 2 -2vn\ 2 Q n ,2 1 ,2-, < , | I 

Q\V\ -Q -\v\ } < e ,e -^- + \v-r)\. 
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Therefore, in order to show (fT9|) and (|20l) it suffices to consider the case \v\ > f. We make another change of 
variables = j?? • ^ and n± = ?7 — so that |«-?7| = |u||?7||| and \v — u\ > \r)j_\. We can absorb (r?)' 3 , Ir/K^)' 3 
by e~ c ^ e ^ 2 , and bound the integral of flU]) and (gO]) by. for 5 > 

/ {1 + |r ? |- 2 +^}e" Cee {^ +l "'" l }d7 7 < / {l + |r ? r 2 +^}e-^l"l 2 |r,r 5 e -^l^ld7 7 

JR 3 JR 3 

< J {1 + l^l^+T+^e-^l^l 2 |y | ?? |||-' 5 e- c '^ e l , 'l x l''iild|r7||||d77_ L 

<(«)- 1+5 / {l + l^r^+^e-^l"-! 2 / fV^-^dyW, (y = MM)- 



If 7 > we can set <5 = to conclude (IT!?)) since 2+7 e L 1 (M 2 ). On the other hand if 7 = we conclude (|2TJ)) 
since |t7_l|~ 2+(5 € L 1 (R 2 ) for S > 0. 

For the first estimate of fl2U we have < (/ \k(u,v)\du) 1/q x (/ |k(u, v)\\h(u)\Pdu) 1/p to conclude 



< sup^ |k(u,w)|dn) SU P (/ |k(u,«)l d «) < INi P , 



where we have used (JTHJ) and (|2T))) . 

For the second estimate of (|2"Tj) we use a change of variable u — v — u in the integral (fTBf : K f{v) 
J k(u — u, v)f(v — u)du, so that 



V 1 ,(i4T/i) = / {V u k(t> — u, u) + V,,k(i; — u, — u)du + / k(u — w, u)V„/i(w — u)du 

Jr 3 Jr 3 ^22) 

= / {V u k(u,v) + V v k(u,v)}h{u)du + Kh v = K v h + Kh v . 

Jr 3 

From (fT7|) we have 

|V u ki| + |V„k!| < CVmMVmR(I«I 7+1 + M 7+1 ), (23) 
so that sup„ (/ |V u ki| + |Vt,ki|dw) and sup u (/ |V u ki| + |V„ki|dv) are finite. For k2, we absorb the terms in 

11 1 2 1 1 2 1 

\w + CI 7 m \ u — v \ an d m \u~v\ m ^ ne associated exponential terms in f[T7)l to have 

|V„k 2 | + |V„k 2 | < C—^e-^ u ' v? -^ iW i-^ )2 [ q*(\w\, |« - «|)e^ |u,+C|2 (M 2 + |tt - «| 2 r /2 d«;. 

This expression is of the same shape as the expression of k 2 in f| 1 7[) up to some constants in the exponential 
terms. The proof of the Grad estimate (TT51) is also valid for this expression, so that 

|V t ,k2(«,u)| + |V t ,k 2 (t;,u)| < {\v - up + \v- u\- 2+ ~<}e~ ^ v ~ u \'- ^ 3 , (24) 



and we deduce that sup„ [J |V M k 2 | + |Vi,k 2 |dM) and sup„ (/ |V u k 2 | + |V„k 2 |dw) are finite from (fT9l) and (|20|) . 
Then we conclude the second estimate of (12"TT) as the first estimate. □ 

Lemma 2. There exists a constant C > such that for any g\, g 2; 53, we have for — (1,2) and /or 

= (2,1) 



(25) 



// rfei.flajfladwdx <Csup( f v\ 9i \ p dv) \W 1/p 9j \\ P \W 1/q g3\\ q , 
JJnxR 3 n {Jr 3 J 

|r(.9i, 52 )| < He^l'flilU (j(«) 7 52| + l^k c (v,u)\g 2 \du^ , 
where for some Cq > 0, 

M",")! < c {\v-uP+ }e H 1 "T^P-J. (26) 
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For $ > 0, 6 > 0, 

\T( 9 i, 9 2)(v)\ < (vy^\\(vf 9l \U\(vfg 2 \U \T(g 1: g 2 )(v)\ < e-^"l 2 ||e 9 l !J l 2 ffl || 00 ||e f, ^l 2 ff2 || 00 . (27) 
Proof. Recall the definition of T: 



r(3i,ff2) 



/R 3 JS 2 

First notice that (for p > 1) 



VK U ) 9i(u')92(v') - gi{u)g 2 (v) \u - v\ 1 q Q {6 )dwdu = r galn (ffi, g 2 ) - Ti oss (g 1 , g 2 ). 



\u\" /q e- lu - vl2q/2 du= \u[ iq e- ]u - v]2q,2 du+ \ U y q e- ]u - v ^ q/2 du 

J\u-v\<\u\/% J\u-v\>\u\/2 



<2~< q \v\~< q / e-l u l 2 «/ 2 du + 2 7 « / \up q e- lul2q/2 du < 1 + \vp q < v{v) q , 



and similarly, for p = 1 , 

For the loss term, we compute 

rioss(.9i,52)ff3dw 
i/p 



sup{\upe- lu - vl /2 } < 1 + M 7 < v{v). 

uGR 3 



< 



< 



< 



/ \gi\ P &v f I ^{u) q \u-vrdu 



\/ (u)g2(v)g 3 (v)\u - v^dudv 

1/9 



l.92(v)|Mv)|dv 



i/p 



jy (^)l52(v)||5f 3 ('y)|d7; 



< 





1/p 




i/p 




1/9 


/ v\gi\ p dv 




f v\g2\ p dv 




/ v\g 3 \ q dv 

JR3 





where we have used Holder's inequality in it, and Holder's inequality in v. We then integrate over the domain Q 
and apply Holder's inequality in space. 

For the gain term, using successively Holder's inequality in u, Holder's inequality in v, the inequality 1 17 1 < 
\v'\ + \u'\ and the change of variable (u,v) :— (u',v'), we obtain 

/ r gain (5i,g 2 )ff3dv = / / / \fiMu)gi(u')g 2 (v')g 3 (v)\u - vpq (9)dujdudv 

JR3 J R 3 J R 3 J§2 



< 



< 



< 



< 



qo(0) / \g*(y)\v{v) 



\ gi {uT\g2{v')\^u 



dudw 



v\g z \ q dv 



v\g 3 \ q dv 



v\g z \ q dv 



1/9 



1/9 



1/9 



q {0) 



qo(0) 



u(v)\ 9l (uT\g2(v')\ p ^dv 



i/p 



da; 



/R3 



i/p 



K«OK«OI<?iK)l P M«')| p d U d<; 
v\g 2 \ p dv 



i/p 



dw 



We then integrate over the domain fl and apply Holder's inequality in space. 
For the second estimate of (|25|) . we first define for some > 0, 



k Ci2 (v,u) 



\v-upq (e) v r JI{uje-' :lul dwdw, k c , 1 («,«)= / \v - u\ 1 qo(e)e- clul ' du, 
3 Js 2 Js 2 

^- e - C ^ lu - v |2+<|l |!:l^ )2 ] / g*(| W |,| W ~«|)e-^l^l(| W | 2 + | U -T;| 2 r/ 2 d W , 



and = k^ 2 — k^i. Clearly the estimate of (|26|) is valid for k^ by the same proof in Lemma [TJ Furthermore, if 
||eOI 2 5l |U<oc/ 

\T(gi,g 2 )\ < {|r gain (e-^"l 2 , ff2 )| + |r loss (e-fl-l 2 , 52 )|} x ||e<HVl|oo 

< {|A*- 1/2 («)Q g ain(M 1/2 e- C|, ' |a ,/* 1/a fl a )| + \v- 1/2 (v)Q loss ^ 1/2 e- Clvl \» 1/2 g2)\} * He^'VlU 



< ||e CH Vlloo x niv)- 1 ' 2 / \v- u\^ qo (0){^v , ) 1 ^\g 2 (v / )\^/ 2 (u / )e-^'^ 

+ /i(u') 1/2 |52(u / )|M 1/2 K)e- f|t '' 12 + /i(u)^| ff2 ( M )| M i/ 2(u)e -CM 2 + ^ v )^\g 2 ( v )\^( u )e-^\ 2 } 

< ||e CH Vll<x> x {k CA (v,u) +k (>2 (v,u)}\g 2 (u)\du + u c (v)\g 2 (v)\\ . 

We therefore conclude second estimates of ([25]) . In order to prove (P7)l we plug in g\ = g 2 = e~t\ v \ a to have 

\r( 9 i,92)\< \^l\v)Q{^e-W\^e-^ 2 )\ x \\e~^ 9l \U\e-^ g 2 \U 

k- W rg (^)[ e -^-'l 2 - C '-'l 2 +e-CI-l 2 -CI-l 2 ]|| e -CI-l 2 5l || oo || e -CIH 2 52 || oo < e~^ 2 \\e~^ 2 g^We^ 2 g 2 \\ c 



The first estimate of (flZTj) is a direct consequence of Lemma 5 of [7] . □ 

Lemma 3. There exists a constant C > such that for any 9 \, g 2 , 53, we have for = (1,2) and for 

= (2, 1) 



i/p 

< sup I I u\g^dv\ \W 1/p gj\\ P \W 1/q 9s\\ 



// V t ,r(5i,52)ff3dwdx 
JJnxM. 3 n Ur3 

If v\g 2 \ p dv\ ^ \W 1/p V v gi\\ P \W 1/ll g 3 \\ q + supl [ v\ 9l \ p dv) '* \W 1/p V v g 2 \\ P \W 1/q 93\U, 



+ sup 
n 



(28) 



\T v ( 9l ,g 2 )(v)\ < <v)^|K«>^i||oo|K«>%||oo, \r v (9u92)(v)\ < e-^ 2 \\e e ^ 2 9l \U\e e ^ 2 g^. 
Proof. We compute the velocity derivative of T after the change of variable u := v — u: 

V„r(5i,p 2 ) = r(5x,Vt,32) +r(V„5i,p 2 ) + (51,52) = r(5i,V„5 2 ) +r(V 1 ,gi,g 2 ) 
V„(Vm)(« - u)gi(v - u±)g 2 (v - u\\)\u\ 1 q (9)duidu 



R3 Js 2 

ffa(w) / J 2 V r ( v 77i! r - // 1,/) ( r - d}W,' q„i»)<\^hi. 



(29) 



where um = (u ■ uj)lu and u± = u — (u ■ uj)lu. The two first terms are estimated directly with lemma [2] Since 
\V v (y/Ji)(v — u)\ < CJjt^'^iv — u), the two remaining terms are estimated as in the proof of Lemma [21 Following 
the same proof of Lemma 2 we have the last two estimate. □ 

3 Traces and the In-flow Problems 

Let tb(x,v) be the the backward exit time as defined in [7J: 

tb(x, v) — sup{r > : x — sv € Cl for all < s < r}, xt,(v) — x — t^v. (30) 

Recall the almost grazing set 7^ defined in (|TT|) . We first estimate the outgoing trace on 7+ \ 7+ ■ We remark that 
for the outgoing part, our estimate is global in time without cut-off, in contrast to the general trace theorem. 
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Lemma 4. Assume that ip = (p(v) is L^ C (M. 3 ). For any small parameter e > 0, there exists a constant C e< T,U > 
such that for any h in L 1 ([0,T],£ 1 (n x R 3 )) with d t h + v -V x h + iph is in L 1 ([0,T],i 1 (n x R 3 )), we have for all 
0<t<T, 

f f |/i|d 7 ds<C e , r ,n [ INU+ / {\\h(s)\U + \\[d t + vV x + ^(3)11^3 

JO ^7+\7+ L •'0 

Furthermore, for any (s, x, v) in [0, T] x ft x M 3 the function h(s + s' ,x + s'v, v) is absolutely continuous in s' in 
the interval [— miri{tb(x, v), s}, min{tb(x, — v), T — s}] . 

Proof. With a proper change of variables (e.g. Page 247 in [T]) we have 



h{t, x, v)dvdxdt (31) 

lo J JflxR 3 

/• n rmin{T,t b (x-v)} r r 

II h(T + s, x + sv,v)dvdxds + / // h(0 + s, x + sv, v)dvdxds 

min{T,i b (a;,i;)}ijnxK 3 JO iifixl 3 

mO /" T /" rmin{T-t,t-b(x-v)} 

h(t + s, x + sv, v)dsd'fdt + / / / h(t + s, x + sv,v)dsdjdt. 

- min{t,t b (x,v)} JO J'y— JO 

For (t,x,v) € [0, T] x 7+ and < s < mm{t, tb(x, v)}, 

,0 

h(t, x, v) = h(t — s, x — sv, v 
Now for (t, a;, v) € [ei, T] x 7+ \ 7 *, we integrate over j£ J 7+x ^ j^ n{Mb(:c>l , )} to get 

min{ei,e 3 }x / / \h(t,x,v)\djdt < min {t,t h (x,v)} x / / \h(t,x,v)\d'ydt 

Je, [ei.r]x[7 + \ T y y ei 



< 



/ei J7+\7+ l£i,JJXl7+\7+J J El J 7+ \ 7 ; 

\h(t + s,x + sv, w)|dsd7di 



'0 ^7+ ^ — min{t.t b (x.v)} 

+ T f f f \d t h + v-X7 x h + Lph\(t + T,x + Tv,v)dTd-ydt 

JO J 74- J — m'm{t,tb(x,v)} 

< [ ||M*)Hid*+ / \\[d t +vV x + <p]h(t)\\ l dt, 
Jo Jo 

where we have used the integration identity (|31[) . and (40) of [7] to obtain tb(%, v) > Cn\n(x) ■ v\/\v\ 2 > Co£ 3 for 
(x,v) € 7 + \ 7 +- Now we choose Ei = Si(fl,e) as 

El < Cne 3 < inf t h (x, v). 

We only need to show, for E\ < Cqe 3 , 

\h(t,x,v)\djdt<Q, e , ei \\h \\i+ / \\[dt + v-V x + <p]h(t)\\idt. 
,+Vy+ Jo 

Because of our choice e and E\, th(x, v) > t for all (t, u) € [0, £1] x 7+ \ 7+. Then 

\h(t, x,v)\ < \ho(x — tv,v)\ + / [dt + v ■ V x + <p(v)]h(s,x — (t — s)v,v) ds, 

Jo 

where the second contribution is bounded, from (|31l) . by 

[d t +v-V x + <p(v)]h(s,x-(t-s)v,v) dsd 7 dt< f \\[d t + vV x + cp(v)]h(t)\\idt. 

10 Jf+\fl JO Jo 
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Consider the initial datum contribution of \ho(x — tv, v)\ : Assume d X3 £(xo) 0. By the implicit func- 
tion theorem <90 can be represented locally by the graph rj = rj{x\,X2) satisfying t;(xi,X2,r](xi,X2)) = and 
{d Xl r](xi, X2), d X2 rj(xi, X2)) = {—d Xl €/ d X3 £, ~d X2 £/d X3 t;) at (xi, X2, T]{xi, £2)). We define the change of variables 



(x, t) G dfl n {x ~ x } x [0, ei] y = x — tv G O, 



where 



9(a;,t) 



r 1 — — r — ^2^4 — u 3- Therefore 



9* i- ' <>,.r 



1/2 



dxidx2dt 



dxida^di = dy, 



and Jo* / 7+ \7» n{s~x } l' 10 ^ ~ to > w )l d 7 di S,ei,xo J/oxR3 l^oCj/, u)|dj/dv. Since 90 is compact we can choose a 
finite covers of dQ and repeat the same argument for each piece to conclude 



\h (x -tv,v)\d<ydt <n,e,ei 



^7+\7. 



l^o(y,w)|dydw. 



□ 



Lemma 5 (Green's Identity). For p e [l,oo) assume that f,d t f + v- VJ G L p ([0, T}; L p {Vt x R 3 )) and / 7 _ G 
LP([0,T];iP( 7 )). TTien / G C°([0, T]; L p (f2 x M 3 )) and / 7+ G L p ([0, T]]L P {^)) and for almost every t G [0,T] ; 

ll/(*)ll? + [ t \f\* + , P = \\f(0)\\ P P + [ t \W-, P + f II {dtf + v-V x f}\fr 2 f. 
Jo Jo Jo JJQxR 3 

Lemma 6 (Velocity Lemma). Let f2 be strictly convex as defined in 0). Recall &12\) and define along the 
trajectories for x € Q and s G [ti, t^] with t\ = t — tb(x, v), — t + tb(x, —v), 

a(s;t,x,v) = \v ■ V£(x - (t - s)v)\ 2 - 2{v ■ V 2 £(x - (t - s)v) ■ v}£(x - (t - s)v). 

Then there exists constant Cn > such that, for t\ < s\ < S2 < t2, 

e Cl) W sl a(si) < e Cn{v)s2 a(s 2 ), e^ Cn{v)si a( Sl ) > e' Csi{v)s2 a(s 2 ). 

See [7] for the proof. Now we state and prove following propositions for the in-flow problems: 

{d t + v ■ \7 X + u{v)}f = H, f(0,x,v) = f Q (x,v), f(t,x,v)\^_ = g(t,x,v). (32) 

For notational simplicity, we define 



dtfo = -v-V x fa-vfo + H(0,x,v), 

2 2 
V x g = -^-{ - d t g- ^2(v ■ n)d Ti g - vg + + ^2,nd Ti g. 



1=1 



(33) 
(34) 



We remark that dtfo is obtained from formally solving (|32f . and (|34|) leads to the usual tangential derivatives of 
d Ti g, while defines new 'normal derivative' d n g from the equation (|32p. 



Proposition 1. Assume a compatibility condition 

fo(x,v) =g(0,x,v) for (x,v)€j-. 

For any fixed p G [1, 00), assume 

Vxfo,Vvfa,-v-V x f -vf + H(0,x,v) G L p (fl x R 3 ), 

g,a t g,V v g,d Ti g,-f±—{-8 t g-Y i (v>T i )d ri g-u(v)g + H} G L p ([0, T] x 
n[x) ■ v t— 1 



(35) 
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and, assume 1/p + 1/q = 1 there exist TCt ~ 0(T) and e <C 1 such that for all t 6 [0, T] 



J2xE 



dH(t)h{t)dxdv 



< 



C T {\\h(t)\\ q + e\\u^h(t)\\ q }. 



Then for sufficiently small T > there exists a unique solution f to \32\) such that f, dtf, V a /, V„/ € C^QO, T]; L p (f2x 
R 3 )) and t/ie traces satisfy 

<kf\t- =d t g, Vt,/| 7 _ =V„5, V x /| 7 _ = V x .g, on 7_, 

(36) 

V :c /(0,x,u) = V x / , V fl /(0,x,«) = V 1J /o ) d t f(0,x,v) = d t fo, in il x R 3 , 
where d t fo and V x g are given by VS3\l and Moreover 



\\dtf(tW p + / |5 t /| 7+ . p+P / ||^ 9t /||P (37) 
Jo Jo 

= llft/oll? + / l%l 7 _, P +p / // d t H\d t jr 2 d t f, 

Jo Jo Jifixl 3 

l|V,/(t)||J + f \VJ\* + , P +P f \W 1,p V x f\\l (38) 
Jo Jo 

= \\VM\ P P + I |V,s|» tP +P I If V x H\V x fr 2 V x f, 
Jo Jo JJnxR 3 

\Wvf(tW p + f \V v f\* +tP +p f\\^V v f\\l (39) 
Jo Jo 

= l|V„/o||£+ [ \Vv9\* . P +P Ml {V v H~V x f -V v vf}\V v f\ p - 2 V v f. 
Jo Jo J JQxM 3 

Proof. We apply the trace theorem to the derivatives of / by explicit computations. First we assume fo,g and H 
have compact support in iicll We integrate the equation (|52"|) along the backward trajectories. If the initial 
condition is reached before hitting the boundary (case t < tb), we have 

f(t,x,v) = e- tv{v) f (x - tv,v) + I e- sv(v) H(t~ s,x-vs,v)ds. 

Jo 

If the boundary is first reached (case t > tb), we have 

f(t, x, v) = e- tbV{v) g{t - tb, x h , v) + I " e- s ^H(t -s,x- vs, v)ds. 

Jo 

Let us rewrite it 

f(t, x, v) =l {t <t b} e- tu( - v) fo(x - tv, v) + l {t>tb}e -*^^.g(t - t b , x h , v) 



mm 



(Mb) (40) 
e -™(v)H(t-s,x-vs,v)ds. 

We take derivative of / with respect to time, space and velocity for t ^ tb- Recall the following derivatives of Xb 
and tb (see lemma 2 in [7]) : 

_ n(xb) „ tbn(xb) „ T n(xb) „ r tbn(xb) ,. s 

V a t b = \ bJ V„t b = ) ', , V x x b =I K -^-®v, V„x b = -t h I + V , \ ® v. (41) 

v ■ n{Xb) v ■ n(Xb) v ■ n{Xb) V ■ n(Xb) 

Since g is defined on a surface, we cannot define its space gradient. We then use directly the gradient in space of 
g(xb). Regarding g(t — tb, Xb(x, v), v) as function on [0, T] x Vl x R 3 we obtain from (HT|) 

V x [g(t - t h ,x h ,v)\ = -V x t h d t g + V x x b V T g = -, — Td t g + I V r g 

v ■ n(xb) \ n ■ v J 

= nd Tx g + r 2 d n g n ^ x ^> {g tg + v . n d T g + v ■ r 2 d T2 g} , 

v ■ n(xb) 

V v [g(t-tb,x h ,v)} = -thV x [g(t-th,x h ,v)] +V v g, 
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where T\{x) and t%{x) are unit vectors satisfying ti(x) ■ n(x) = = T2(x) ■ n(x) and T\(x) x T2(x) — n(x). 
Therefore by direct computation for t ^=t b , we deduce 

-l{t<t b} e- tl,{v) Wfo + v ■ V./o - H lt= oKx - tv,v) + l {t>tb}e - tb " 'd t g(t - t h ,x h ,v) (42) 

^•min(i,ib) 

e~ su dtH(t — s,x — vs, v)ds, 



d t f(t,x,v)l {t¥:tb} 
V x f(t,x,v)l {t ^ tb } 



1 {t<t b }e "V x fo(x - tv,v) 

2 , . 2 

+i {t>tb}e - t ^ { J2 nd Ti g - f\ {dtg + • t-O^s + i/$ - H}}(t - t h ,x h ,v) 



(43) 



min(t,ib) 



e s "V x H(t — s, x — vs, v)ds, 
W v f(t,x,v)l {t ^ tb} = l{t<t b }e~ tiy [-iV x / + V„/ - iV„^(u)/ ](a; - 



(44) 



-l{t>t b }t b e tb "{j2 TA *9 



n(x b ) 



, . <{ d t9 + ^{v ■ Ti)d Ti g + vg - H}\(t - t b ,x b ,v) 
v / i—i 

+l{t>t b }e~* biy | V^(i - ^b, ^b, u) - th^vv(v)g(t - t b , x b , v)| 



min(t,tb) 



'{V V H - sW x H - sVvH}{t - s, x - vs, v)ds. 



We, first, show that <9/l{ t>tb } € LP and <9/l{ (<tb } separately. Now we take LP norms above with the changes 
of variables in Lemma 2.1 of [6] and using Jensen's inequality in [0,t]. More precisely, for <j> 6 L 1 with <f> > 0, 



OxR 3 



l{x-tven}<i>( x ~ tv,v) 



R 3 



dv < 



(x,v), 



1 {t>t b }H t " tb(%, v), x b (x, v), v) 



< 



JdilxR 3 



iQxR 3 

(s, x, v)\n(x) ■ v\dS x dvds, 



(45) 



'{fixR 3 }nB((i ,«o);*) 

where for the second inequality we have used the change of variables for fixed t,v, 

x^f (t-t b (x,v),x b (x,v)). 

In fact, without the loss of generality we may assume d X3 £(x b (x, v)) ^ for (x,v) E B((xq, vq); 5) so that 
x b (x,v) = (x bt i, Xb,2, v{ x b,i, x h,2))- Using (|4T1) . we compute the Jacobian 



(46) 





-V x t b \ 




det | 


-V^b.i 


= det | 




-V X X b ,2 J 





-(v ■ n) n 
— Vxarb.i 

-VxSb.a 



-Vl- — V2~ ~ + V3 



Therefore dxdv 
we obtain 







1/p 




||/(*)l{^ tb} || P < ||/o||p + 


f f \g\Mjds 

JO Jy- 


+ i(p-l)/P 


fwmi** 

Jo 



dxida^dudi = \n ■ v\dS x dvdt — d7di. Using these changes of variables, 

i/p 



\\d t f(t)l {t ^ tb} \\ p <\\v VJ + vf - H(0, ; -)\\ p 





i/p 




f f \d t g\ p d~fds 




I \\dtH\\ p p ds 


JO Jf- 




Jo 



! VP 



\\V x f(t)l {t # b) \\ p < \\W x f Q \\ p + &- i yP 



Jf- 



\V x H(s)\\lds 

x b ) 
i{x b ) 



2 , > 2 

i \{®t9 + ■ n)d Tt g + vg H(0,x,v)}}(t t b ,x b ,v) 



d7ds 
(47) 
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||V„/(t)l { ^ b} || p < t\\V x f \\ P + ||V„/ || P + C\\f \\ P + Ct 



l3| p d 7 ds 



J~f- 



i/p 



+t 



Jj- 



I T i d n9 - ~~^~y {^*g + X]^ ' Tl )^>5 + ^5 - #(0, a, «)}}(* - *b, x b ,v) 



p -i i/p 
d 7 ds 



|V^| p d 7 ds 







- 1/p 




1/p 




i/p 


+ t 


[ f \(v)g\*d>yd8 


+ t (p-l)/P 


f \\^ x H\\ P p ds 






Jo Jy- 




Jo 





_ t (p-l)/p 



1 1/p 



1/p 



\V v H\\P p ds / \\H\\*ds 

From our hypothesis and assumption on /o, g and H to have compact supports, these terms are bounded, therefore 
dfl {t ^ b} =[d t fl {t ^ b} ,V x fl {t ^ bh V v fl {t ^ b} ] G L°°([0,r];LP(fixM 3 )). 
On the other hand, thanks to the compatibility condition, we need to show / has the same trace on the set 
M = {t = t b (x, v)} = {(t b (x, v),x, v) G [0, T] x x K 3 }. (48) 
We claim : Let <f>(t, x, v) £ C c °°((0, T) x Q x K 3 ) and we have 



r it m=~r a dn {mb} ct>, 

Jo JJnxR 3 Jo JJflxM 3 



so that / G W 1,v with weak derivatives given by dfl{ t ^t b }- 

Proof of claim. We first fix the test function cj)(t, x, v). There exists 5 — 6$ > such that <f> = for t > 4, or 
dist(x, 9Q) < (5, or |u| > i. Let 4>(t,x,v) ^ and 6 AL If follows that i = t b (x, v) so that x b = x — t b v. 

Hence \x — x b \ — t b \v\ and 

dist(x, Cl) < \x — x b \ — t b \v\. 

Since t b < 4, this implies that 

\v\>^>6 2 . 

Otherwise dist(a;, dCl) < 8 so that (f>(t,x,v) — 0. Furthermore, by the Velocity lemma (Lemma |B} and this lower 
bound of \v\, we conclude that there exists 6' (6, O) > such that 

\vn(x h )\ 2 >o \v V^(x b )| 2 = a(t-t b ;t,x,v) > e~ c ^ tb a(t;t,x,v) > e' c ^ tb C^\v\ 2 \^x)\ 
> e-^Qf* mm |£(z)| = 28' {8, Q) > 0. 

dist(a: ,o\l)>o 

In particular, this lower bound and a direct computation of (|4"Tj) imply that ^ 0} n is a smooth 6D 
hypersurface. 

We next take C 1 approximation of /q, _ff', and 5' (by partition of unity and localization) such that 

ll/o ~ /ollwi.p -> 0, llfl 1 - .9llw 1 .p([o : T]x 7 _\7i') ~^ °> 11^' ~ •H'||w 1 .j>([o,T]xnxR3) 0. 
This implies, from the trace theorem, that 

$(x,«) -> / (x,w) and 5 ! (0,i,t))->5(0,i,!;) in L 1 ( 7 _\ 7 5 _'). 
We define accordingly, for (t,x,v) G [0, T] X Q X R 3 , 

/>min{t,ib} 

/ e- w ^#<(*-s,:z;-su,i;)ds, 
'0 

(49) 



/'(t, x, w) = l {t<tb} e- tv ^ f Q {x - tv, v) + l {t>M e-^y (t - t b , x b ,v) + 
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and f±(t,x,v) = l{ t > tb yf l . Therefore for all (x,v) G 7-, 

f + (s, x + sv, v) - f_(s, x + sv, v) = e- su ^g l (0, x, v) - e~ sl/{v) f (x, v). 
Since {<f> 7^ 0} n A4 is a smooth hypersurface, we apply the Gauss theorem to /' to obtain 

d e <pf l dxdvdt = J J [f + -fL]<f> e • n M dM - {JJJ^ <t> d e f + dxdvdt + JJJ^ d e f_dxdvdtj , (50) 

where d e — [<9 4 , V x , Vi,] = [d t , d Xl , d X2 , d X3 , d Vl , d V2 , d V3 ] and = e% G M 7 . We have used (s,x + sv,v) and 
(a;, v) G 7_ as our parametrization for the manifold M. n {0 7^ 0}, so that 71(0^(2;, «)) • « > 26' is equivalent to 
n(x) • v > 2(5'. Therefore the above hypersurface integration over {t 7^ tb} is bounded by 



C<f,s / / l/+( s > x + sw ! w ) _ /-( s ) * + w)|dS x dwls 

J Jn(x)-v>28' 

<<M / \g\0,x,v) - fg(s,v)\dS x dv ^ 0, as Z -> 00, 

J n(x)-v>25' 

since the compatibility condition fo(x,v) — g(0,x,v) for (x,i>) G 7-. Clearly, taking difference of (j49|) and (|40|l . 
we deduce f —> f strongly in £ p ({</> 7^ 0}) due to the first estimate of (|47|). Furthermore, due to (|47|). we have a 
uniform-in-Z bound of /j_ in W 1,p ({t ^ ib 7 ^ 7^ 0}) such that, up to subsequence, 

d e f + - a e /l {t>tb} , d e f_ - a e /l {t<tb} , weakly in LP{{4> ^ 0}). 

Finally we conclude the claim by letting Z — > 00 in (|50[) . 

Now notice that from its explicit form ([3D]), and since all the data are compactly supported in velocity, / is 
itself compactly supported in velocity. Recall d = [dt, V x , V„]. From this and the LP bounds above, we conclude 

{d t + v ■ V x + v(v)}df = 0H-dv V x f - dvf G V. (51) 

By the trace theorem (Lemma HJ, traces of dtf, V x /, V,,/ exist. To evaluate these traces, we take derivatives 
along characteristics. Letting t — > ib and < — > 0, we deduce ([36| . From the Green's identity, Lemma we have 
([57]). ([55]) and HI]), and therefore we conclude 9/ G C°([0, T]; IP). 

In order to remove the compact support assumption we employ the cut-off function x used in (|13[) . Define 
/ m = x(\ v \/ m )f tnen /™ l satisfies 

{d t + v ■ V x + ^)}/ m - x(M/m)iT, (52) 
f m (0,x,v) = X (\v\/m)f , f m \ y _ = X (\v\/m)g. (53) 

Note that V^[x(|u|/m)g] = x(l u l/ m )^5+3V«x(|u|/m) and x(|«|/m)/ (a;, t>) = x(\v\/m)g(0,x,v) for G 7_. 

Apply previous result to compute the traces of the derivatives of f m . It is standard (using Green's identity) to 
show that dtf m , ^7 x f m and V v f m are Cauchy and we can pass a limit. □ 

We now study weighted W 1,v estimate. Recall (fT"3|) . We first define an effective collision frequency: 
vi t x{t,x,v) = v(v) - Xd~ 1 (t,x,v){d t + v ■ V x }d(t,x,v) 

= V{V) ~ 2^( " l ( v ) e ~ {V)ta - e- l(v)t 2v{v ■ V 3 ^) ■ wK(z)) (54) 
x (x^-^a/e) + e^x' {e- l{v)t a/e)[e~ l{v)t a - 1]) . 

Clearly v^\{t,x,v) ^ e v(v) + A(Z — 0^(l))(v) ~ A(v) from our choice (|14p. and from the definition, it is easy to 
verify that 

{dt + v- V x }d x = [-vi,\{v) + v(v)]d\ (55) 

so that 

d x {d t + v-V x + v(v)}df = {d t + v-V x + v(v)}[d x df] - df{d t + v ■ V x }d x 

= {d t + vV x +v ltX }[d x df}. ( ' ,< ' 1 
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Proposition 2. Let f be a solution of (3§. Assume fSW and e L°°([0,T} X7_), G L°°([0,T] xfixR 3 ). 
for any fixed p £ [2, oo], assume 



d A {|V r5 | 



1 



n(x) • w 
d A |- 



d x d t g, d A V r5 G L°°([0,T];Lf( 7 _)), 
(\d t g\ + (v)\V T g\ + \H\)} G L°°([0, T]; L"( 7 _)), 



u-V x / -K«)/o+-ffo| G i p (!]xR 3 ), 
and assume 1/p + 1/q = 1 i/iere ea;«si TCt = 0(T) and e <C 1 smc/i £/ia£ /or a// 1 G [0, T] 

// d x dH(t)h(t) <C r {||M*)|| 9 + e||^fc(*)|| fl }. 



Then f(t, x, v) satisfies 



H/WHoo < H/0IU+ sup \\g(s) 

0<s<t 



H(s)ds 



Recall d = [dt, V x , V„], then 



{dt + v>V m + vt,x}[d x df\ = d x dH-dvd x V x f -dv{v)d x f, 
d A 9/| t=0 = d A 9/ , d A 9/| 7 _ = d x [dg\^}, 

where [dg\ 7 _] is given in i36}). Moreover, recalling Ii33\) and we have for 2 < p < 00, 

/ \d x df(t)\P + f f VltX \d x df\P+ [ f \d x df\P 

Jfixl 3 JO ifixE 3 Jo J 74. 

< f |d A a/ | p + / f \d x dg\P+ [ f \d x dH - dv ■ d x V x f - dud x f\\d x dfr\ 

JQxS, 3 JO J-y_ JO Jf2xR 3 



(57) 



|d A a/(<)|U <||d A d/ ||oo + ||d A %|| c 



\d x dH - dv ■ d x \7 x f - dud x 



for p = 00 . 



Proof. First we assume fo,g and H have compact supports in {v G R 3 : |v| < m}. We estimate df in the bulk. 
From the velocity lemma (Lemma [5]), we have 



t<F b d(0,x -tv,v) x " ' t ">£ d(i-t b ,a;b,w) A " ' max {t-t3)}<s<t d (* ~ s > « ~ s«,«) A 
Multiply d(t, x, v) x by (|42|) . (|43l) and (|44|) and use the above inequalities to get 
d x \d t f(t,x,v)\ 

< e^e-^d^fo + v ■ V x / - H {t=0 ](x - tv, v)\l {t<tb} 
+ e c ^ tb e- t * v d x d t \g{t - t b ,x b , v)\l {t>tb} 



d(t,x,v) x < e c m , x t 5 sup , d(t,x,v)> 



< e 



sup 



d(t, x, vY 



< e 



i(t,t b ) 



e Cm ' xs e- su d x \d t H(t -s,x- vs,v)\ds, 



d x \V x f(t,x,v)\ 



(58) 



< e c ^ t e' t "d x \\/ x f {x - tv, v)\l {t<tb} + e c "^e^ ^ r l d A |5 Tlff (i - t h , x h , v)\l {t>tb} 



<--,J. bo -t b u„,^ ,d x (t-t b ,x b ,v) 



+ e^ m - xtb e- tbU n{x h )- 



\v ■ n(x b )\ 



\dtg + ■ Ti)d Ti g + vg - if j(t - t b ,x h ,v) 



L {*>*b} 



i(t,t b ) 



e Cm ' xs e- su d x \V x H(t -s,x- vs, v)\ds, 
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d x \V v f(t,x,v)\ 

< e c ^ l e- tv d x | [-tVx/o + V„/ - tV i/(«)/o] (a; - tv, v) | l {t<tb} 

2 

+ e c ™-^ b e- tbl/ ^T i d A |9 T(5 (i-i b ,a; b ,u)|l {i>tb} 



i=l 



n(x b ) 



d(t - t h ,x h ,v) 



\d t g + y^X v ' T i)d Ti g + vg- H^(t - t h ,x h ,v) 



\v ■ n(xb)| 

e c ^ tb e- tb "d x {\V v g(t - t h ,x h ,v)\ + \t h V v v(v)\\g(t-t h ,x h ,v)\}l {t>tb} 
e Cm - xS e' su d x \{V v H - sV x H - sVvH}{t -s,x- vs,v)\ds. 
Following (US]) and (HS|) of Proposition 1 and using the condition of Proposition 2, we deduce 



l {t>t b } 



i(t,t b ) 



\\d X d t f(t)\\ p < t)fM \\d x [v ■ V x f a + vfo - H(0, ;-)]\\p + 

2 r .t 

\d X V x f(t)\\ p < M ||d A V x / || p + V / \\d x d n g( S )\\^ p ds 

" ft d A 

+ / {dt9+22{v-n)d ri g + vg-H} 

Jo v ■ n 



Hd A a t5 ( s )||?; !P d s 
i/p 



||d^ff( s )||£d a 



i/;-' 



I |d A V t J(t)| | p < t , m , A | |d A V„/o| \ P + J2 



ds 

i/p 



i/p 



\\d x V x H(sW p ds 



i/p 



\\d x d Ti g(sm,pds 



+ sup \\(v)g(s) 

0<s<t 



/ {d t g + y2(v -Ti)d Ti g + ug - H} 



As 



i/p 



n VP 



\\d x V v g(sW p ds 



|d A V^(s)|g + ||d A V x lf(s)||Pds 



■ sup \\(v)H(s)\\ c 

0<s<t 



By the hypothesis of Proposition 2 and assumption on /o, <? and _ff to have compact support, the right hand sides 
are bounded and hence d x d t f,d x V x f, and d A V„/ are in L°°([0,T]; L P (Q x R 3 )). 

Since fo,g and H are compactly supported on {v £ M 3 : \v\ < to}, the derivatives d x dtf, d x V x f and d A V„/ 
are compactly supported on {v € R 3 : \v\ < to} and hence from (1561) and (|51[) 



{d t + « • V, + ^A}[d A d/] = d x 8H - dv ■ d x W x f - dv{v)d x f. 



(59) 



Moreover, from the general definition of traces, by choosing a test function multiplied by d A , we deduce d x df 
has the same trace as d A [<9/| 7 ]. 

Now we can apply Lemma [5J to have (|57l) which does not depend on the velocity cut-off. Therefore for the 
general case, we use (|52|) and (|53|) and pass a limit to conclude the proof. □ 

Proposition 3. Let f be a solution of \32^ . Assume the compatibility condition $35}) and compatibility condition 



d t g(0, x, v) = -v Vz/o - v(v)f + H(0, x, v), for (x, v) e 7 _ U 70. 



(60) 



Assume 



n(x) 



dd t g, dV r «? G C°([0,T] x 7 _U 7 o), 

, 2 

-^\d t g + y2(v-n)d Ti g + vg-H} G C°([0,T] x 7 _ u 70), 



»=l 



ddff G C°([0,T] x SI x 



d{ Vflr/o-KwJ/o+flo}, dV x / , dV„/ G C°(tt 



27ien ddf e C°([0,T] x 12 
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Proof. We only need to prove that ddf £ C°([0,T] x Cl x M 3 ). Recall that we have compatibility conditions (|35|) 
and (|60|). We multiply by d the formulas (j42|) . (|43ll and (|44ll . Clearly ddf(t,x,v) is continuous for (x, w) ^ 70 
and i ^ tb{x, v). We first show that ddf(t, x, v) is continuous at (x, v) £ 70 with t th(x, v) and then prove that 
ddf(t, x, v) is continuous at t = tb(x, v) for (x, v) £ ft x R 3 . 

We first consider the time-derivative ddtf at the grazing set 70. We define 

dd t f(t, x, v) = dd t g(t, x, v) for t > 0, (x, v) £ 70, 
dd t f(0,x, v) = d{-v ■ V x f {x,v) - v(v)f (x, v) + H(0,x,v)} for (x,v)£j - 

Due to we have ddtf(t,x,v) —> ddtf(0,x,v) as t 1 0. In order to show that ddtf(t,x,v) is continuous at 
£ 70 we choose a sequence (yj,uj) £ (f2xK 3 )\7o such that (yj,Uj) — >• {x,v). By the velocity lemma (Lemma 
|6|) and (yj,Uj) ^ 70, we have (xb(yj, Uj), Uj) < 0. Since th(yj,Uj) —> tb(x,v) = we may assume t > tb(yj,Uj) 
for sufficiently large j 3> 1. Now we multiply (|42l) by d(t, x, u) to get 

From Lemma [5] we have, for j 1, 

d (*.l/j."j) = c -^ thfal , Ml ) ajt^y^Uj) ^ zCnA^ivi^) <n { x 

d(t-tb(j/j)Wj))»b(j/j,Uj)) u i) «(*-*b(j/i,Uj);*jJ/i,«i) ~ ' 

^ d(f ' yj '" j) , = e -^ 8 a(t;t,y Jt tij) < eCn ,, (tlj)s for < s < min 

d(t- s,yj - sv,j,Uj) a(t- s;t,yj,Uj) 

and hence 

d(t,yj,Uj) d(t,x,v) _ 



d(t-tb(yj,Uj),x b (yj,Uj),Uj) d(t,x,v) 

Since the integrand of J)f b ^' (• ■ ■ )ds is finite due to the hypothesis of the proposition and the above inequality 
we conclude from tb(yj, Uj) — > tb(x, v) = 

and dd t f(t, y ,Uj) -> dd t g(t, x, v). 

Therefore ddtf(t,x,v) is continuous at 70. 

In order to show that ddtf(t,x,v) is continuous at t — tb(x,v) we separate two cases: If t < tb we use 
to get 



d(t, x, v 



hmdd t f(t,x,v) 

tft b d{0,x — tv,v) 

+ r* d(t,x,v 

J Q d(t - s, x - sv, v) 
Using Lemma |51 we deduce, for all < s < t < tb 



I_ e -M») d {-t, • W x f - u(v)f + H\t=o}(x - tv, v) 



1 - e - sv ^dd t H(t -s,x- sv, v)ds. 



Hence, 



d(s,x — sv,v) a(s;t,x,v) ~ 



lim dd t f(t, x, v) = ^r^± e - t ^d{-v ■ V x f - uf + H\ t=0 }(x h , v) 
tftb d(0,Xb,v) 



f b - d fal£ljj -e- su ^dd t H(t h -s,x- sv, v)ds. 

Jo d(t h - s,x - sv,v) 
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Similarly for t > t b we use (|42|) again to obtain 
lim dd t f(t, x, v) = d f b ' I '" ) e-^Md9,g(0, x b , v) + f b - d ^ x ^ - e - su ^dd t H{t b , -s, x - sv, v)ds. 



t\t b ' ' d(0, x b ,v) .11 d(t b — s,x — sv,v 

Finally we use the compatibility condition (|r?0|) and ()36l) for A = 1 to conclude lim t ^ b ddtf(t, x, v) — lim t -j- fb ddtf(t, x, 
We next consider the spatial derivative dV x /. We define 

2 2 
dV K /(t,a;,«) = ^2ndd n g(t,x,v) + ne~ iS ^' t \V^{x)\^dtg + ^(v • n)d n g + vg - i?}(t, £, w), for t > 0, (ar,u) € 7 

dV x /(0, cc, u) = dVJ (a;, u), for (x, v) E 70. 

Due to and for A = 1, we have, for (a;, u) £ 70, 

2 2 
KmdV x /(t,x,w) = ^T l da Ti / (a;,w) + n|Vf(x)|{[— u • V x f - v/o + ff|t=o] + • n)d n f + uf - H\ t=0 j(x,v) 

i=l i=l 
2 

= ^TTidd Ti fo(x,v) + n\V£(x)\(-v ■ n(x))d n f (x,v) = dV x / (a;,u), 



where we have used d(0, x, v) = |V£(a;) • v\ or d(0, x, v) = — |V£(a;) • v\ for (x,v) e 70. In order to show that 
d\I x f(t,x,v) is continuous at (a;, v) € 70 and i > 0, we choose a sequence (yj,Uj) — > (x,v) £ 70 as in the proof 
for the time-derivative dd t f- Then using for sufficiently large j 3> 1, we deduce 

dV,/(t, y„ uj) = d(< _ Ujl Uj) {e-^^ f ndO Ti9 (t - t b ( yj , Uj ), x biyj , ttJ ), Uj ) 



2 



2 

i=l 



n(x)dd Ti g(t, x, v) + n(x)e~ H i Lt \V £,{x)\\d t g + ^(v ■ n)d n g + vg - Hj(t, x, v) 



In order to show that d\/ x f(t,x,v) is continuous at t = t b (x,v), we take limits t — > t b for both t < t b and 
t > t b in Due to the common H integral, it suffices to observe that the part of lim t ^ tb 

d ^^) -^W d(0| Xh; v)V x f (x h ,v), 
d(0,x b ,v) 

coincides with the part of lim t ^ b 

2 
d{t b ,x,v)_ e _ tb(XtV) „ (v) f ^ ja n x d{0,x b ,v) 



{ y^ndd Ti g - n(x h ) > Xb ' v r g + yv^ _ T .}g g + vg _ H}\(0,x b ,v) 



d(0,x b ,w) 4 u-n(a;b) , , 



2 

tb(*,«Mv){ VT,dflJo(x b ,.)+n( Ib ) d(M '"" ) {(i ) - B (x b ))3J (x M )}) 



d(0,a;b,w) I. ^ 1 w • n(a; b ) 

d(Q,x b ,v) 



where we used (|60| and (|36|) . This completes the proof of continuity of d\7 x f. 

Finally we consider V„/. Because of the proof of continuity of d\7 x f, we only need to show 

lim d(t, x, v)e~ tv(v) [V v f ~ tV v v(v)f ](x - tv, v) = lim d(t, x, v)e~ tb ^ v) [V v g - t b V v u(v)g](t ~ t b , x b , v), 
which is clear from /| 7 _ = g and dVt,/| 7 _ = d\7 v g and dVt,/|t = o = d\7 v f in (|36|l . □ 
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4 W 1 * (1 < p < 2) Estimate 

Consider the following iteration : 

{d t +vv x + u(v)}f m+i - xr = nr, n, f i+1 (o, x , «) = /„(*, «), 



f 1+1 (M,«)k =c M VM^) / f m (t,x,u)^j4uj{n-u}du, 

Jn-u>0 



(61) 



with /° = /o, and with the compatibility condition for the initial datum (J3J). Remark that the normalized 



Maxwellian is At(w) = e 2 . From [21 [7], we have a uniform bound of 

sup sup ||(t^/ m WIU < n |K«)"/o||oo «1, (62) 
m 0<t<oo 

for f3 > 4. We apply Proposition 1 for m — 1, 2, ... with 

H = -Kf m + T(f m ,f m ), g^c^^T) I f m (t,x,u)^/]4u)Mx)-u}du. (63) 

Jnu>0 

Recall 9 = [d t , V x , V,]. Then <9/ m satisfies 

{at + u-V a + K^)}3/ m+1 =S m , 5/ m + 1 (0,x,«) = a/o(a ; ,«), (64) 

where 

£? m = -[flu] • VJ m+1 - a^)/ ro+1 - j m - T(/ m , f")], (65) 
\Q m \ < \V x f m+1 \ + K\df m \ + \T(df m J m )\ + \T(f m ,df m )\ + |V^(u)||/ m+1 | + \K v f m \ + \T v (f m J m )\, 

with K v f m and T v (f m : f m ) defined in and (I2TJ1) . Furthermore using (|T^)) and Lemma 1, Lemma [5] and 
Lemma 3 yields 



iv^( V )ii/ m+i i + \K v r\ + \r v (f n j m )\ 

< {\V v u(v)\(v)-P + \K v (v)- fj \ + K((v)- P , («>^)l}IK«>"/o||=o < (v)-^\\(vffo\ 
For (x, v) € 7_, from ([55)) and (p?4")) , the boundary condition is bounded by 



(66) 



\df m+1 (t,x,v)\ < c^^v) fl+,-7 ^— / |9/ m (^x, M )|( U )^W^)-«}d« 

V \n(x) ■ v\J J n(x) . u>0 

+ \ A i l^)l/ m+1 l + l^/ m l + |r(f\/ m )|} (67) 

< ^MRfl + O^) / \dr(t 7 x 7 u)\^ i {n(x)-u}du+^f^\\(vff \U 
V K^) ■ u l / J n (x)-u>o \n(x)-v\ 

where we used the boundary condition for / m+1 | 7 _ again, and (|62|) . (|19| and Lemma [2] and (u) \J fi(u) < n(u)i. 
Set = [at/ , V a / , Vvf°] = [0, 0, 0]. The main estimate is the following : 

Lemma 7. For 1 < p < 2, ifO < T* <C 1 anc! ||(u)^/o||oo <C 1 /or j3 > 4, and t/ie compatibility condition i/ien 
uniformly-in-m, 

sup ||a/"X + |0/T, P + ll^'WI? <n,T, ||S/o|IS + IIKVolL- (68) 

0<t<T» Jo JO 

Recall that the time derivative of the initial datum is defined as dtfa = — v- V^/o — Lfo+T(fo, /o). We remark 
that the sequence (|6"Tj) is the one used in [7J [2] and shown to be Cauchy in L°° . Therefore the limit function / 
is a solution of the Boltzmann equation with the diffuse boundary condition |T]). On the other hand, due to the 
weak lower semi-continuity for LP in the case of p > 1, once we have Lemma [7J then we pass a limit df m df 
weakly in sup t6 j 0Ti ] || • ||| and J^' \\v 1 l p ■ \\v and 5/ m | 7 — >■ 5/| 7 in j^* \ ■ to conclude that df satisfies the 
same estimate of (|rJ§)) . Repeat the same procedure for [T*, 2T*], [2T*, 3T*], • • • , to conclude Theorem [TJ 
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Proof of Lemma\2i We prove the lemma by induction. From Proposition [TJ df 1 exists. Because of our choice 
df° the estimate (|68|) is valid for m = 1. Now assume that df* exists and (|68|) is valid for all i = 1,2 



Applying Proposition Q] to show that df m+1 exists and to get ([37| — (l39|) . we have 

sup ||ar +1 ( s )||^+ /V/ m+ X, P + /ll^ /P9 / m+1 ll£ 

+ |r(/ m ,a/ m )| + \T(df m j m )\}\df m+1 \"- 1 



0<s<t 

< ||fl/o||J+ / |d/ m+1 | 7 _,p 







o JJnxR 3 



+ t sup ||a/ m+1 (s)|^ + IK«)^/olU + ||(^/olU / |a/ m+1 | p d v , 

where we have used (|65j) and (|66|) and 

>^ +7 ||(«)^o||=o|a/ m+1 r 1 d« <||<«>Vo||oo{ / / («)^ +7 d« + / / (v)-^\df m+1 \p) 



Slxl 3 



<ll(^/o||oo{l+ // \df m+1 \ P dv}. 



Estimate for K and F : Use Lemma Q] and Lemma [5] to have 
rt 



{|W| + \T(f m ,df m )\ + \T(df m J m )\}\df m+1 \P- 1 

}' 



'0 J J!2xl 3 

f \\Kdf m \\ p p + [ ||5/ m+1 ||P + sup( / v\f m \ p dv\ /P \ I \\v 1,p df m \\ p p + / j/' 1 



(i 



< y P/ m i^+ y o p/ m+l i|p + c 7 , p ^ii(«)^/oiu|y o ik 1/p 0/ m ii£ + /_ \w 1/p df m+ % 

where we used J R3 j^wdv < J R3 (w) 7_p ^du = C liP ^ < oo for ^ > 4. 
Boundary Estimate : Recall (fTTj) . We use (|6"7j) to obtain 



(69) 



(70) 



Jf- 



< 



\dr+\ s )\p 



p sup 



f«2 



^(x)>0 



|3/ m (s,a;,ii)|At 1/4 (u){n-u}du 



dS x ds 



+ SU P / ( V )-^-7)|„.„|l-P dt) XtlK^/oHL 



< 



o ./an 



|a/ m (s,a;,u)|^ 1 / 4 (u){n-u}dw 



u-n(a;)>0 



dS x ds + t\\(vff \\P 



(71) 



It suffices to estimate J Q f gQ J u . n ( x \ >0 \9f m (s, x, u)|/i 1 / 4 (u){n • u}du dS x ds. We split the {u G M 3 : n(x)-u > 0} 



as 



o J9n 



|a/"> 1/4 {n • u}du 



1 ' J 



JdSl 



du 



(x,«)£7 + \7l 



du 



We use Holder's inequality to bound 





p 




f du 


< 


/ fxHp-i) {n • u}du 


J (x,u)df^_ 







[ \df r > 



JdQ, [y(x,u)<£^ 



(s, x, u)\ p {n(x) ■ u}du 



(72) 
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to bound the second term of ([72 



o Jan 



du 



p e / \df m ( S )\P +}P ds. 



(73) 



For the first term (non-grazing part) of (|72p we use Holder's inequality and Lemma U and Lemma [T] and Lemma 
[2] for f m to estimate 







/7 


/ dw 


/o Jan 


_J(;c,u)£7+\7+ 



S P/oll£+ / p/ m ( s )||Pd s + 

Jo 

s n«/oii*+ rp/ m ( s )np 



JJQxR 3 



\[dt + v ■ V x + iy{v)}df m \\df m \ p - 1 dxdvds 



(74) 



o 



{(vy^WivffoW^ + \df n \ + {Kdr^i + ircr-V/™- 1 )! + \r(df m -\f m - 1 )\}\df m \*- 1 



10 JJfixR 3 

s \\dfo\\ p P + (i + \\(vffo\u twdris^ + ii+wivfMi^) twdr-'isWy+twivy/o^. 

Jo Jo 
Putting together the estimates (|69|) . (|73| . |74|) and (|70|) . and choosing sufficiently small e <C 1,1* <C 
1, ||(f;)' 3 /o||oo <§C 1, we deduce that 

sup \\dr + \t)\\i + [ T "\df m +% jP + [ T '\w 1/p dr+x 



0<t<T, 



<Or. |n {||a/o||| + IK«>^/o||oo} + J. max { sup ||9f(*)||£+ F W%, P + P \\v 1/p dfT P } 



1 1 / 8 \ 7TI 

If a m+1 <-A m + D then A m < -A + ( y ) D > for ^ > L 
Proof of H76\) : In fact, we can iterate for m, m — 1, ... to get 

a™ < -max{-A m _2 + A^m-2} + £>< -A m _ 2 + (1 + -)£> 

< i max{i A m _ 3 + D, A m - 3 } + (1 + i)D < ^A m _ 3 + (1 + ^ + 

1 „ 8 „ 

< -A m _ fc + -D. 

Similarly a m _i < \A m _ k + f £> for all i = 0, 1, • • • , k - 1. Therefore if 1 < m/fc e N, 

1 8 

A m = max{a m ,a m _i, • • • , a TO _(fc_x)} < -A m _ fc + -D 

o / 

1 „ 8, 1. „ 1 „ 8^1 1 . „ 

< pA m _ 2fc + -(1 + -)D < ^A m . 3k + -(! + - + -)D 



< 



A 



D < 



A 



D. 



This completes the proof of ([75)) . 
In (ff5|) . setting k = 2 and 



Oi= sup ||3/ i (t)||* + f\dfX + , P + f \W 1/p df%, D = C n , u {\\df \\f, + \\(vff \\ oo }, 

0<t<T, Jo JO 



and applying (|76[) . we complete the proof of the lemma. 



(75) 



To conclude the proof we use the following fact from J2j : Suppose a t > 0, D > and Aj = maxja^, aj_i, • • • , a,i-(k- 
for fixed A; € N. 



(76) 



□ 
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The following result indicates that Theorem 1 is optimal : 

Lemma 8. Let il = B(0; 1) with B(Q; 1) = {x € M 3 : |x| < 1}. There exists an initial datum fo(x, v) £ C°° with 
fo CC £>(0; 1) x B(0; 1) so that the solution f to 



dtf + v ■ V x f = 0, /| 4= o = fo, f(t,x,v)\i_ =Cpy/n(v) / f{t,x,u)y/ ii(u){n{x) ■ u}du, (77) 

n(x)-n>0 



satisfies 

|Va;/(s,x,w)| 2 d7ds = +oo. 



>0 Jj- 

so that the estimate 0) of Theorem 1 fails for p = 2. 

Proof. We prove by contradiction. Suppose J Q |<9/(s, a;, u)| 2 d7ds < +oo. Then 

d n f(t,x,v) = — !— { - d t f - (n • v)d Tl f - (t 2 • v)d T2 f\, for (x,v) £ 7- 
We use the boundary condition to define : 



<3t/(*,x,«)| 7 _ = Cfj,y/n(v)A(t,x) = c^VM / d t fy/Jl{n ■ u}di 

Jnu>0 



d Ti f(t,X,v)\y_ = Cf, y/ n(v)Bi{t,x) 

= c ^\f^ [ drJy/Jlin-uydu + Cfiy/JI [ V v f^-T' 1 U\/]i{n-u}du. 

Jnu>0 Jnu>0 

We make a change of variables v\_ = v ■ nix), v Tl — v ■ t\(x), v T2 — v ■ T2(x) to compute 

2v Tl ABi + 2v T2 AB 2 + 2v Tl v T2 BiB 2 \ 

Jon Jo JJr 2 v ± l " > 

poo - '"-l' 2 p 

= dv ± - / dS x {(A) 2 + 27T(B 1 ) 2 + 2iT(B 2 ) 2 }. 

Jo W-L Jon 

Note that the integration over dfl is a function of t only (independent of v). Since Jg 00 = oo, we conclude 
that A = B\ = B 2 = for (t, x) £ [0, oo) x 80,. In particular from A(t, x) — we have for alH > 



f(t, x, u)y/ n(u){n(x) ■ u}du = / /(0, x, u)y/ n(u){n(x) ■ u}du. (78) 

n(x)-u>0 J n(x)-u>0 

We now choose the initial datum to vanish near dil : 

f (x, v) = <j>(\x\)4>(\v\), 
where <j> g C°°([0, oo)) and > and supp0 CC [0, 1) and <j> = 1 on [0, \\. Clearly 



c pVOT / fo{x, u)y/(i(u){n(x) ■ u}du = 0. 

J n(a:)-u>0 

Hence f(t,x,v) > from /o > and the zero inflow boundary condition from (|T8[) and the above equality. 
Moreover following the backward trajectory to the initial plane for t £ [|, j] and (x, v) £ 7 + and |i> — #r| < ^j, 

and |u| £ [i, |], 

f(t,x,v) = f (x - = 1, 



which contradicts to c^y/ fi(v) f n . u>0 fit, x, u)\J ' ii(u){n(x) ■ u}du — for (t, x, v) £ [0, oo) x 7_ from (|78l) . □ 
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5 Weighted W 1 ^ (2 < p < oo) Estimate 

We now establish the weighted W 1,p estimate for 2 < p < oo with the same iteration (|6ip . From [2J [7] for 
< C < \, we have a uniform bound 

sup sup HeCI-l 2 /-^)!!^ < || e CI-l 2 /o ||oo- (79) 

m 0<£<oo 

Recall d = [ft, V x , V„] and d x df m satisfies 

{ft + v ■ \7 X + v ltX }d x df m+1 =Af m , d x df m+1 (0,x 7 v) = d x df (x,v), (80) 
where Af m = d x G m in JB5J). Using 1(15 )1 and ([20 ^ . ([25] ) . ((21 )1 and ([27 )1 , 1(29 )1 and Lemma [2J and Lemma 3 to have 

|AH <d A {|ifa/ m | + |L(r,a/ m )| + |r(9/ m ,r)|} 

+ d A {|ftf n+1 | + |V,K«)ll/ ro+1 | +e^ |w|2 ||e CW2 /o|U(l + He^'/olL)}- ' ' 

For (x,v) G 7 , d(i, v) ^ e __ ^" t |n(a;) • u|, and from (|34[) and (|67|) . the boundary condition is bounded for 
A<^by 

d x \df m +\t,x,v)\< d A V7i(i+ ) / |a/ m (t,x, u )|( u )V7i{n. M }d M 

V |n(x) • v\J J n . u>0 , g2 , 
+ ^(^ e -|H 2 || e CIH 2 /o || oo(1 + || e CH 2 /o || oo) . 

Set /° = /o and 9/° = [ft/ , V x /°, V„/°] = [0,0,0]. The main estimate is the following : 

Lemma 9. Forp > 2, ^ < A < 2zi } if < T* « 1 and | je^l^l 2 /o | |oo < 1 for < C < j, then uniformly-in-m , 

sup ||d A ftr i (i)||£ + f' \d x df m \ p j, P + f' \\v\gd x dr\\l Zw- W dXd M\ p P + lle CH2 /ollL- (83) 

o<t<T, Jo Jo 

Remark that vi,\{t, x, v) ~ (v). Once we have Lemma [5J then we pass to the limit, d x df m — v d A d/ weakly 
with norms sup te[0:Ti] || • \\p and / Q T * • ||£ and d A d/ m | 7 ->> d A <9/| 7 in J*' \ ■ |* p and d A <9/ satisfies ([Mil- 

Repeat the same procedure for [T*, 2T*], [2T», 3T»], • • • , to conclude Theorem [2| 

Proof of Lemma\Q We prove the Lemma by induction. From Propositioned/ 1 exits. More precisely we construct 
ft/ 1 ! Va;/ 1 first and then Vvf 1 . Because of our choice of df° the estimate (|83)) is valid for m = 1. Now assume 
that df l exists and (|55) l is valid for all i = 1, 2, • • • , m. Applying Proposition [2J we deduce that <9/™ l+1 exists. 
From Lemma [5] we have 



S up iid A ftr +i ( s )H£+ f t \d x dr +i \p +p + f \wi{ p d x d.r + x 

0<s<t JO JO 



<||d A d/ ||£ + / \d x df m+1 \^, P + {t + e} sup ||d A ftr +1 ( S )||£ + t||efM / m ||L(l + l|e CM f m \U (84) 

JO 0<s<t 

+ i|| e cki 2 / ™+i||p o + f ft d Xp \\Kdf m \ + \T(f m ,df m )\ + \r(df m j m )\}\df m+1 \ p -\ 

Jo JJOxB 3 L > 

Estimate for Kdf m : The key estimate is the following : For < A < < C < j> and some Ci t \ lP > 0, 

Xp 

f . , . d(t, X, V) P- 1 , . Ap „ ,2 

sup / k ( (v,u) v ' ' y Ap du < n ,c (u)5^e Ci .^"* . (85) 
xenJR3 d(i,x,w)p- 1 
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Recall the function kf (v, u) in (|26[) and remark that if £ = i then k^(u, u) = k(u, u). We split 



k c( u ' u ) ^r du = 

: d(i, x, u) p- 1 



<i(t : x,u) >£ «^d(i,x,u)<e 



The first term is bounded by 



/ k^(w, u)du < e , 7 1, 
ii 3 



from the lower bound of d(t, x, u). Denote u± = u ■ n(x) — u ■ ^|^| and u\\ = u — uj_n(x). The second term for 
< 7 < 1 is bounded by 



v\ p- 1 / i \v — u\ 



1 , ^.,,_„ l2 e-^T Wt 



-G f |ti-«r 



i 



\v-u\ 2 ~ 1> ~ e -^J {u)t \u-V£(x)\ 
|«|^ / {1 + |« - Mr 2+7 }e- " C 'V"' a 'l^lttxl^dti 



< 



Xp 

p-1 



' P-1 



dit 



\ v \^r e Ci,x,pt* I {l + \v\\ — u|| |- 2+ *y +a }e~ Cc '"«"' dtt|| 



-du_i_ 



<n C 7 |w|^e c ^- t2 



-dtt i 



where < A < and <5 > is chosen such that + 5 < 1 and —2 + 7 + 5 > —2, and 



x e 4 



for some C/,a, p > 0. Furthermore we split the last integration as f\ u± \/ 2 <\ v± - u± \ + /|« x |/2>|d x -iij_| 
are bounded by 



(86) 

Both of them 



C 



C ( \vj_-u A 



-du 



-du 1 



< 



(w_ L )~^ rT ~' 5 + 1. 



Therefore we conclude 

In order to estimate Kdf m contribution in (|84|) recall, for 1/p + 1/q = 1, 

d A |A'<9/ m | < d A y |k(u,u)||3/ m (u)|du = d A (w)y |k(»,u)| 



d(u) A |,9/"»| 
d(u) A 



dit 



< ( / \ k ^\^ du 



\k(y,u)\ & x df m {u) 



p \ p 
du 



< (v) x e c '- x - pt 



|k(«,u)| d A d/"» 



p \ p 

dit 
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The Kdf m contribution in (|84|) is therefore bounded by 

d xp \Kdf m \\df n+1 \ p - x dvdxds 



J JQxM 3 



{V) 

10 JJflxK, 3 



< 

< C e [ ff e pCl ^^ s \u) x \d x df m (u)\ p ( f \k(v,u)\^dv)dxduds 
Jo JJnxW 3 W W ' 

^d Xp \df m+1 \ p dxdvds 

< C f ff e Cl -"-" s2 (v) x \d x df m \ p + e f ff (v) x \d x df m+1 \ p 

J0 JJilxM 3 Jo JJnxR 3 

< Cte Ci ^" t2 sup // \d x df m \ p + (5 + e) max / // (v)\d x df\ p , (87) 

where we used (v) x < Cs + 5{v) and (JTHJ) and (|2"0)) in Lemma Q] and e Cl - x - pS factor comes from (|55|) . 

Estimate of nonlinear terms : Recall k^(w, u) in (|26p . (|25p and (|85p . In order to estimate the nonlinear terms in 
we apply ([55)1 to have 

d x {\T(r,df m )\ + \T(df m ,f m )\}(s,x,v) 

\\e^ 2 f a \\ 00 {v ( (v)d x \df m \+d x f k c (v,u)df m (u)du\\ 

<C ||eOI 2 / ||oo< V )d A |dn 

+||e«H a /o|U( / M« s «)^rSd«)'(/ I*(«,«)|d A 0r(u)M* 
vj R 3 a{s, x, u) » / v jr3 y 

<C l|e Cl ^ 2 /o||oo{^>d A |c?/ m | + (^e^^^kc^^Old^/^C^rdw) 1 }, 

where at the last line we used < A < so that (u) A < (v) . 
Therefore the nonlinear contributions in (|84[) are bounded by 



d Ap |r(/ m , 9/ m ) + r{df m , DWdr+^^dvdxds 

<C ||e CH Vo|L j Jj («)id^|a/ w+1 r 1 

/* — 

x{( v >id A |a/ m | +e Cs2 (w)p( y k c ( W , M )d Ap |9/ m (s !a; , U )|) P } 
<cl|e CM2 /o||oo( / [ [ (v)\d x df m \ p + f [[(v)\d x df m+1 \ p 



J J JO 



+ y e CpsZ JJJ k c (v,u)p^(u) x \d x df m (u)\ p dudvdxj 
<C ||e fH2 /o||oo{^ || e c '^ s2 (v)\d x d.r\ p + J*JJ(v)\d x dr +1 \ p 
where we have used Lemma 1. 



A 



26 



Boundary Estimate: Recall (fTTj) . We use (|82|) to estimate the contribution of 7. 



d A d/ ro+1 (s,x,«)| p 



|n(x) • u| 



|<9/ m (s, a:, iO|/x(<it) 1/4 {n(x) • u}du 



n(x)-u>0 



d_7ds 



00 



+ ||e^/o 



d(s,x,?;) Ap _<£p h - 

/ ■ 4 11 



J j- H x ) ■ v \ r 



d7ds. 



Using d(s,x,v) < e 2 s |Va;£(x) • v\ for x € <9f2, the last term is bounded by 



Cb||c CH Mfoo 



JdnJm 



\n(x) ■ v\**-*- 1 e-*M'dvdS x d8 <o, P , c t\\e^ 2 



for A > ^y- so that Xp - p + 1 > -1. 
For the first term in we split as 





P 






p 






p 


/ • • • du 




/ ■ 


• du 


+ 


/ 


• du 




J n(x)-u>0 


J (l,«)67^ 






J (l,u)67+\7+ 







The 7^ contribution (grazing part) of (|89|) is bounded by 



dvdS T ds 



d Xp \df m \ p {n-u}du 



(x,u)£7+ 
/ 



d{s,x, U y Xc >Li q/4 {n-u}di 



(x,u)675. 



p/g 



dudS^ds, 



p,i,A e a e<W / \d x df m (s)\P +tp ds, 



l(v) 



where we used d(s, x, v) < e 2 S |V£ (x) • u| <n |n(x) • u| and, for A > - — , 



and a > is determined by ()13[) at the boundary with ^_ i = I ; 



d(s,x, u) p-i ^4( P -i) . <j-j / e 2 |u-V£(x)| e 4(p-i) |tl ' |n-u|du 

J 7Jr L J 

<n / |u • n| 1_ ^e^^ <u>s e~^(^ |u|2 d-u <a e c, ' A - ps2 / \u ■ n\ 1 ~7^e~ ^^J^du 



<n, P e a e Cl ^-" t 



for some a > since 1 



Xp_ 

p-1 



> -1. 
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On the other hand, for the non-grazing contribution 7 + \7^, we use a similar estimate to get 



(v) \p 



'7- 
rt 



7+\7 



'o Jan- 



\n(x) ■ v 



\df m (s, x, u)\fi(u)^ 4 {n{x) ■ u}du 



Ci7ds 



d \dj (s, x, u)\{n ■ u} L/P1 — — f ^-—^ du 

7+ \ 7 e d(s,x,u) 



dvdS x ds 



[ ( d Xp (\n-v\+ . {V) " )V^ I d x P\df m \ P {n • u}du [ d(s, x, u)- Xq ^{n ■ u}d 
Jo «/ 7 _ V \n-v\P l J J 7+ \7l J 7+ 



J 7 +\7! 



\n ■ v\p 
d ^| 9/ -( s )|P d7dS; 



i pIi 



dvdS^ds 



where we used 2— - < A < 2_ i and 

p p 

d(s,x,uy Xq fi(u) q/i {n(x) ■ u}du = / d(s, x, u)~5=T/x(u) {n ■ u}du <n, p e c, A ' pt2 

'7+ J 7+ 

By Lemma 2] and (|80[) . the non- grazing part is further bounded by 

pi 



/ S f l|d A a/ ||P + /* ||d A a/ m ||P + f II \{8t + v-W x + vi.\}(d x df m ) p \ 

JO -/7+\7l JO JO JO JJSIxR 3 

< / t ||d A a/ ii^+ /" iid A a/ ro ig+ /" // d^Kdr^wdrr 1 

Jo Jo Jo J J 



d Xp {\T{f m - l ,df m - l )\ + |r(a/ m - 1 ,/ m - 1 )|}|a/ m | p - 1 



+ t sup \\d x dr(s)\\l + 0- + *)\\e> m MU^ + W^ 1 /ollSo)- 

0<s<t 

In summary, for small T, < 1, the boundary contribution of is controlled by, for all < t < T*, 

V A 5/ m ( S )i 7 _, P d S 

< / T *||d A 5/o||^ + £ a I*' \d x df m \* max sup ||d A 9f (t)||J + ||e<H a /o||5o(l + H^/ollD 

JO JO »="»-!>"» 0<t<T» 

+ Cn,T,{J o * \\d x df m \\ p p + ^ ' JJ d Xp \Kdf m - 1 \\df m \ p - 1 

i rT ' If d xp {\Y{r-\dr- i )\ + \v{df m -\r- i )\}\dr\ p - 1 ). 



Applying (|87f and (|88j) to the boundary estimates for m — 1, then putting together the estimates (|90|) . (|87|) and 
we deduce from 



sup ||d A 9/ m+1 (i)||p+ / * \d x df n+ X + , P + I *\w!{ p d x df m+ % 

0<t<T, Jo JO 

< C T „n{\\d x df \\ p + ||e«H 2 /o||L} + + || e ?l"l 2 /o||L +T*e Cl ' A - (T * )2 } 
x max { sup \\d x d f (t)\\ p + \d x df% +p + \\vf{ p d x df%\. 

»=m,m-l l o<t<T, Jo JO ' J 

Recall C/,A, P from flSSJl. Choose T* < 1, ||e c|l,|2 /o||oo < 1, and e < 1, 5 < 1 and hence 
sup ||d A df" +1 (i)||£ + / T *|d A 5/ m+1 | 7+ . p + /^Hi/^d^/^lg 

0<t<T» Jo JO 

< O r . 1 n{||d A 5/o||J + ||efH a /o||So} + i. m ^x { sup ||d A df + f* \d x dp\ p + . P + f' \\u^d x df\\l] 

8 »=m,m-l I o<t<T, Jo Jo ' 
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Set k — 2 and 

ai = sup \\d*dr +i (tw P + f* \a x dr +1 \ p 1+ , P + F* \wli p d*df m+ %, 

0<i<T, JO JO 

D = ^.^{lld^/olg + lle^lVollgo}- 
Apply (175)) to complete the proof. □ 

6 Weighted C 1 Estimate 

We start with the same iterative sequences (|80|) with A = 1. For (x,v) € 7, note that d(t,x, v) ^ e~ 2 t \n(x) ■ v\. 
From (|82p with A = 1, we have, for (a;, u) £7-, 



^»(i)-«>o (90) 
+ e -§H 2 ||e^ 2 /olU(l + ||e^' 2 /olU). 

We use the stochastic cycles in [7J [J| : For (t, x, v) with (a;, u) ^ 70 and let (to,a;o,vo) = (t,x,v). For 
Wfc • n(xk+i) > we define the (k + 1)— component of the back-time cycle as 

(t k+1 ,x k +i,Vk+i) = {tk - t b (x k ,v k ),x h (x k ,v k ),v k+1 ). (91) 

Lemma 10. If ti < then 

pm+li 



\ddf n+L (t,x,v)\ < HdS/olU + / \Af m (s,x-(t-s)v,v)\ds. (92) 

Jo 

lftx>0 then 

\ddf m+1 (t,x,v)\ 

< [ \Jsf m (s, x-(t- s)v, v)\ds + e -§l-l 2 || e CI-l 2 /o ||oo(l + HeOl'/olloo) 



k— 1 

™W J n j-i Vj i=1 



^Win^v,-^ ^0 (93) 

fc— 1 t ■ 

L / k , E W<oi / ' x< - (ti - *K d s dsf 



-ifc-i 



w(v) 



i2 '|e^ 2 / || oo (l + ||eCM 2 /0 || oo )dEt- 1 1 



+ 4r / E^-ko}*-* 1 "- 1 ' 



w(v) 

where Vj = {vj € M 3 : n(xj) • Vj > 0} cmd 



and 

dE^ 1 = {n^ fl /i(w i )c M |n(x i ) • ^Id^^Oe^**^) 2 ^?^^ 
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Remark that dE*" 1 is not a probability measure! 
Proof. For t\ < we use (|5U|) with A = 1 to obtain 

ddf m+1 (t, x, v) = e-^^ddfoix - tv, v)+ f e- Vl - l{ - v){t - s) N m { Sl x - (t - s)v, v)ds. 



Consider the case of t% > 0. We prove by the induction on k, the number of iterations. First for k = 1, along the 
characteristics, for t\ > 0, we have 



ddf m+1 (t, x, v) = e-^-^ddf+^h, xi, v) + / e- Vl - l( - t - s) M rn {s, x-(t- s)v, v)ds 



ti 



Now we apply (|90l) to the first term above to further estimate 
d|df" +1 (^)| < e — J , 1 (-)(*-*x) e -§WI 3 || e Ckl 2 /o || oo(1 + [| e CI-l 2 /o |U) 



+ e-^W*- tl ><t;>c /t V£00 / diar"^,^,^)^^* 1 ^!)^^)^! 

</ n-^i >0 



+ / e- y| - I W(*- a J|Ar*(a,a!-(t-8)«,t;)|da (95) 
•/ti 

< e^H 2 || e CH 2 /o || co(1 + || e CH 2 /o || co ) 



+ / d|d/ m (i 1 ,x 1 , Ul )|e^M«i)(«i)VMcbi + / |^ TO (s )a; -(t- S K^)|d S) 

7vi 

where is in (|94l) . Now we continue to express df m (ti, x\, v±) via backward trajectory to get 

dldffaxuv^ < l {t2<0 < tl} {d|a/ m (0 ja;i + |vV TO_1 (s, a;i - (t x - S > 1 ,« 1 )|ds} 

+ l {t2>0} {d|a/ m (t 2) x 2lUl )| + r |A/" m ~ 1 (s,a;i - fa - a^v^da}. 

Therefore we conclude from (JS5J| that 
d|d/ m+1 (i,^)| 

< f |AA m ( S ,x-(t- S )i;,«)|d S + e -^H 2 || e CM 2 / m|| oo(1 + || e CM 2 / ™|| oo) 

1 f s, '<"!> 



l{t,<o<ti} d l<9/(0,2;i - txvi,vi)\e * 1 w(vi){v\) c^/j,(vi)dvi 
Vi 



u;(u) 
1 

to(u) 

1 



!{t2<o<ti} / |A/" m Hs^i - (*i - s)vi,vi)\dse = tl w(wi)(wi) 2 c /i /x(wi)dt;i 
Vi Jo 

Z"' 1 _1 '<»l>f 9 

l{t 2 >o} / |A/" m Is, xi - (ti - s)vi,vi)\dse 2 tl iy(« 1 )(ui) 2 c p) ti(ui)di;i 
Vi Jt 2 

l {t2>0} d\df m {t 2 ,x 2l v 1 )\e lJ ^ ltl w(v 1 )(v 1 ) 2 c f ,fj,(v 1 )dv 1 , 
Vi 



and it equals (|9"31 for fc = 2. 

Assume (|9"31 is valid for k E N. We use (|9U|) and express the last term of (|9"5)) as 



l {tfc>0} d|ar ,+1 -*(t fcs a: fc ,i; fc _ 1 )| 



< (ufc-i)c M V/x(u fe -i) / l {tfc>0} d|a/ m+1 (fc+1) (t fc ,x fc ,w fc )|e^ tfc (w fc ) v /^K)di; A; (96) 
+ e -|K- 1 | 2 || e CH 2 /o || oo(1 + || e CH 2 /o | U) . 
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Then we decompose l {t)c>0} d|<9/ m+1 {k+l) (t k ,x kl v k )\ = l{ tfc+1<0 < tfc } + l{ tfc+1>0 }, where the first part hits the 
initial plane as 



tk 



Mt k+1 <o<t k} d\df m+1 -^(t k ,x k ,v k )\ < d\df (x k -t k v k ,v k )\+ I \Af m+1 - {k+2 \ S ,x k -{t k - s )v k ,v k )\ds, (97) 
and the second part hits at the boundary as 



l{t k+1 > }d\df m+1 -( k+ V(t k ,x k ,v k )\ < d\df m+1 ^ k+1 Ht k+u x k+1 ,v k )\+ / \N m+1 -( k+2 \s : x k -(t k - S )v k ,v k )\ds. 

Jt k+ i 

(98) 

To summarize, from upon integrating over Ylj=i ^ji we obtain a bound for the last term of as 



i- / l {tk> , } \ddr +1 - k (t k ,x k ,v k ^)\AY, k k r\ 



< 



1 



w(v) 

1 



l {t k >0} 



e * 



|K-il 2 ||pCM 2 



/o||oo(l + ||e c l''l7o||oo)dSti 



A'-l 



w(v) J uU V] 

where by (|97[) and the last term is bounded by 

1 



l {th>0} d\df m+1 -( k+1 \t k ,x k ,v k )\dZ k k , 



w(v) 



(vk-i)Cfj.y/ v{v k _i) y/n(v k )(v k )e { ^ tk dv k 



n?=i V 3 

k-2 



x 1 



d|5/(0,x fc -i fcVfc ,i> fc )l + / " |AA m ^ 2 (s,x fc - (t fe -s)v k ,v k )\ds 

Jo 

d\df m - k - 1 (t k+1 ,x k+1 ,v k )\+ f \N m - k - 2 {s,x k -{t k -s)v k ,v k )\ds 



3=1 
L {t k+1 <0<t k } 

+ 1 {t k + i>0} 

Now we use (|94|) to conclude Lemma ITOl 

Lemma 11. There exists ko(e) > such that for k > ko and for all (t, x, v) e [0, 1] x Q x R 3 , we have 

-k/5 



r 



l{t k (t,x,v,vi,- ,-u fc _i)>o}dS^_i[ < n 



Proof. The proof is based on [TJ. We note that, for some fixed constant Co > 0, 



< n!jzl{C , e c ' t ~ Ufa)*} dvi... dv k -i < {C } K IL^ (i(vj)i d Vj . 
Choose 6 = 5 (Co) > small and define 

where we have f v .\ v s Cofi(Vj)i < 6 for some Co > 0. Choose sufficiently small 5 > 0. 

On the other hand if Vj € Vj then by Lemma 6 of [7J, (tj ~ tj+i) > S 3 /Cq. Therefore if t k > then there 
can be at most { [^] + l} numbers of v m € for 1 < m < k — 1. Equivalently there are at least k — 2 — [^] 
numbers of w mi <= V mi \V£.. Hence from {C } k = {C } m x {Co}* -1- " 1 , we have 



□ 
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/ l{t k (t,x,v,vi,- ,i. fc _ 1 )>0}^ S fe_i 

/f there are exactly m of v m( € V^. \ XI ^oA'C^i) 
m ~ I and k - I - m of v mi € V mi \V^j. J J_ 

s If ( ) U ^"W" It «»>^«p 



< 



m— 1 



<5 3 



{fc - 1} m +\5r*- m { jf cbMM 1 /**} [ ^ ] +1 < £{<^ 

N 2 



ivfc 

A' " — 

N 



where we have chosen k — N x + l) and TV = ([^] + l) > C > 1. □ 

We now need a key lemma to overcome the singularity of -7 along the integration over a characteristic line. 

Lemma 12. Assume 51 is strictly convex 0). Recall m i26}) and k = k^, if ( = j. For £ G (0, j] there exists 
small 5i > suc/i i/iai 

'•' '' d(s,x- (f - s)u,t;) 

|k^(u,uj| duds, 



1{tlit ' x ' v) -° } J tl L d(s,x-(t-s)v,u) 



1 /** / d(s,a; - (< - s)u,u) 

1{ti(t ^ )<o} i„ y R3 dTi-^F^) |kc(u ' w)l duds ' 

/"* m /" d(s,a; m - (t m - s)v m ,v m ) 
^^^L^L d(s,x m -(t m -s) Vm ,u) ^ m ,u)\duds, 

f tm f d(s,x m -(tm-s)v m ,v m ) 
l{ tm >o, tm+ i<o} / / -77— 77 -77 . \k c (v m ,u)\ duds, 

JO JR 3 a \ s i x m — [tm — S)V m ,U) 

are bounded by 

Caite^-i+e^lS^}. 



Proof. Notice that we use the estimate (|26|). Without loss of generality, we only consider the third estimate, by 
the definition of d. 









l{t m >0,t m+ i>0} / 


■ < r d S / 


du 


Jt m +i 


Jtm+l •'I 


»3 



x e 2 



I |w m - it| 2 7 J 

,{ive- Vm | 2 -2(« m .v 2 £- Um ) e} 1/2 (<l<)1 



{|V£-u| 2 -2(u- V 2 £-u) £} 1/2 



where £ = £(x m — (t m — s)v m ) and we have used — (v m )s + (u)s < \v m — u\s in the exponent of e ( 2™ s e 2 * ' 
e -|((vm>-<w>)s < e ^|«m-u|s_ j n orc i er to bound 1-8 we split the exponent 

1 1 Vfji ' ^ I CtI . .9 ^ ~^ r 2 r>7i 1 2t2i i2t 

s = —\v m —u\ +- — {s - 2al\v m - u\s + a I \v m —u\ } 

2 4 4(7 4iT 

al 2 s 2 1 

= — \v m -u\ 2 + — - — [s - crl\v m - u\) 2 , 

to have, for sufficiently small a > 0, 

J^T^ s -c ( ,,\v m -u\ 2 < Cs 2 c Cii |« m -«| 2 
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Therefore 

i, m -«f {i ve-^i 2 -2(^ m -v 2 e-^ t ) e} 1/2 

{|VC -u\ 2 -2(u- V 2 £-u) £} 



We now separate three different cases. 
CASE 1 : t;(x m — [t m — s)v m ) < —5\ (interior). By the convexity @, u ■ V 2 £ • u > \u\ 2 , 

|Ve • u\ 2 - 2(u • V 2 f • u)£ > -2(u • V 2 £(a; m - (t m - s)« m ) • u)£(x m - (i m - a)« m ) > C Q S x |u| 2 

-I /Q 

Therefore, since {|V£ • v m \ 2 — 2(v m ■ V 2 £ • v m ) £} < \v m \, is bounded in this case by 



Cn f f e -*{l + |^-«r a }e-°«.'l-- l 2 ^> l {c< _ M d uds 

JO JK 3 M<V 

<o^ 1/2 te Ct > m | / , , ^ , 2 _ . e-PclU'dq, 
■V 3 |r? + w m ||?y| 2 7 



where we have used a change of variable rj = u — v m . 
Now we claim that, for < 7 < 1 



/ 1 7 | 2 _ 7 e-^H 2 d?7 <C Un . (100) 
First consider the case of \v m \ < 1. We define t/|| = 77 • t^-t and rj± = rj — Vw^r~\- Then (|100[) is bounded by 

|« m |e- c e.«l"iil i, e- cr <.»l , ' J -l a 



dm L dvx Kvu + \v m \? + b?±l 2 ] 1/2 [^f + l^l 2 ] 1 -^ 2 ' 

If |?7|| + |t> m || > then (fT00|) is bounded by 



, . ^-CcilrJIll'e-Ccl^xl 2 

4 /^ll / ^ W + | r/J2 ]i-,/ 2 ^1- 



Kii i„„i ^ M „, lim , 

2-7 



If 1 7711 + |t> m || < ^yd, then |r/y| > so that 



[(vi0 2 + \vx\^ /2 >h\ 2 -"> l -H 



We define ^|| = \v m \ e R and dr/y = |w m |d?7||. Remark that < | since |»7||| < ||v m |. Using [(771 + |w TO |) 2 + 
\V±\ 2 } 1/2 > \V±\, we bound <fTUU|> by 

r r \ v \ e -c i: i\vx\ 2 

4 / d?7|||w m | / dij ± -p—- VI — < C i n \v m p < C i n 1. 

^|f?nl<| V l»7-L||«m] 2 7 

On the other hand, if \v m \ > 1, we divide the integration as Jj r)+lJ ^ \v m i dt) + f\ n+v | < i%i d^. The first term 
is easily bounded by 



f drj < [ --^—e- c ^ 2 dr)<cijl. 



In the case of \rj + v m \ < then |?y| > and then 

/ d7? </ W e - c ^drj< [ e " Cc ''"" 2 d , 

7|„ +t , m |<%ii ~ 7|„ +t , m |<Jimi |r7 + «m|h| 2 7 ~ y|„ + „ m |<hmi |«m +??||Vm| 1 7 



l\ n+Vm \<b!ml ^ J\ v+Vm \<l^d \V + V m \M 2 1 ~ J\ v+Vm \<h!ml IVm + rjWvr, 

I i^<MV^i-i'< fAT i. 

Jlnl<2li;™l P7 



< 1 e -^M 2 r 1 



bml 1 7 7|^|<2|t) m | 
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This proves the claim (|100|) . We conclude the first case such that (|99|) is 

Now we further separate the situation near the boundary region of —5\ < £ < into two cases. 



CASE 2 : -Si < £(x m - (t m - s)v m ) < and \v m ■ V£(x m - (t m - s)v m )\ < \v m \yj-£(x m - (t m - s)v m ). 
In this case, for £ = £(x m — (t m — s)v m ), from our assumption, 

|V£ ■ v m \ 2 - 2(v m ■ V 2 £ • u m )£ <q |V£-u TO | 2 < -\v m \ 2 £(x m - (t m - s)v m ). 

By the convexity of £ we also have 

|V£-u| 2 -2(w V 2 £-u)£ > f2 -|w| 2 £(a; m -(i m - s ) Um ), 

so that (|99f is bounded by 



< te 



Jtm+i Jm 3 \u\y/-(i{x m -(t m - s)v m ) 

Ct2 (v m ) I ±-Al + \v m -uV- 2 }e- c ^ m -uf du < te ct* 
Jw \u\ 



where we used fjlOOJ) . 



CASE 3 : -Si < i{x m - (t m - s)v m ) < and \v m ■ V£,(x m - (t m - s)v m )\ > \v m \y/—£(x m - (t m - s)v m ). 
For this case we shall apply a change of variables, at most twice, near the boundary. We need a geometric fact 
that a straight line intersects a convex domain at most two points. Precisely we claim that for a strictly convex 
domain there exists So > such that for all < Si < Sq 

{se[t m +l,t m \ ■ £{x m - (t m - s)v m ) € [Si, 0]} C [t m +l,tm+l + <7l] U [tm-V2,tm], 

where a x = o-i(t m ,x m ,v m ,So),a 2 = o- 2 (t m ,x m ,v m ,S ) > and 

v m ■ V£(x m - (t m - s)v m ) > for s e [t m - 02, t m ], 
v m ■ V£(x m - (t ) < for s G [t m +i,t m+ i + ai]. 

In fact, we define Z(s) = £,{x m — (t m — s)v m ) for t m +i < s < t m . Note that Z'(s) = v m ■ V£ and Z"(s) — v m ■ 
V 2 £ • v m > from convexity ([2]) for v m ^ 0. Hence Z m (s) is a strictly convex function and Z(t m +i) = Z(t m ) = 0. 
Denote the unique minimizer such that 

Z(U) = min Z(s) < 0, (101) 

tm+l<S<t m 

such that Z' < for s < t* and Z' > for s > t*. If — <5i < Z(t*), then we can choose oi = — i m +i and 
o~2 = t m — t*- On the other hand, if —Si > Z(t*), we simply choose cti and a as two unique numbers such that 

Z(t m +1 + Ol) = ^(<m _ °~2) = Si, 

where t m+ i + ai < t* < t m — o~2- This proves the claim. 
In this case (|99|) is bounded by, from our assumption, 



I^IV-C(^TO - (^m - s)v m ) 



Apply the change of variables for s £ [t m +i, t m +x + o"i] and for s G [t m — CT2, t m ] as 

■s ->• £ = £(x m - (t m - s)v m ), (102) 
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where the Jacobian is |^|| = \v m ■ V£(x m — (t m — s)v m )\. Therefore 



< 2 f d£ / d W e c l 5l l 2 {l + K- W r- 2 }e-^.'l"l 2 ' 



< e c\s^ f Sl ^-k m f \ u \-i{ 1 + \ Vm - ur 2} e -CcAv m -u\* du < n ^ 7 i^jieClM^ 

where we used (JTDUJ) . □ 

Now we are ready to prove the weighted C 1 part of the main theorem : 

Proof of weighted C 1 part in Theorem^ First we show W 1 ' 00 estimate. Recall that we use the same sequences 
([80| with A = 1 used for the weighted VT 1,P estimate (2 < p < oo). We estimate along the stochastic cycles with 
([92| and ([93| . For t\ < 0, the backward trajectory first hits t = 0. From Lemma ITOl and Lemma \V2\ and Lemma 
[2] for UHU, we deduce 

sup ||l {tl<0} da/ m+1 (t)|| oo < Hdfl/oHoo + ||e C|l,|2 /o||oo(l + ||e C|l,|2 /o||oo) 
°-*" T * (103) 
+ T, sup ||da/ m+1 (t)|| 00 + {r»e c ^|<y 1 |-i + e c l ft l !, |« 1 |5}(l + ||e«W a /o||oo) sup ||d5/ m (t)|U. 

0<i<T„ 0<t<T, 

If a;, u) > 0, the backward trajectory first hits the boundary, then from ((93)) we have the following 
line-by-line estimate 

\ddf m+1 (t, x ,v)\ 

<t sup ||d9/ m+1 (s)|| 00 +tfc max sup ||d9/ m+1 - l (i)|U 

0<s<t 1<»<*-1 o< s <( 

+ (l + l|e c|, ' |2 /o||oo){te ct2 | ( 5 1 rHe c l 5l l 2 | ( 5 1 |H sup ||dd/ m ( S )|U + e-^V'VolWl + HeW/olloo) 

0<s<t 

+ k max ||da/ ro + 1 - i (0)|| ooS up( / dS^ 1 ) 

i<i<fe-i j "'n^i Vj y 

+ fc(lmax||e c|,j|2 / J || 00 ){te c * 2 |<S 1 r^ +e c|5l|2 | ( 5 1 |5} x max sup \\ddf m - i {s)\\ 00 sup ( / dS,^ 1 

J l<!<Ho<Kt i Wn^Vj 

_ A 

+ Ctmax|| e <H 2 / || oo (l-t-max||e^l 2 / |U)( / dE^ 1 ) + ( M " sup ||da/ ro+1 - fc ( S )|U, 

where we have used , Lemma [T^J Lemma [TTJ and Lemma [2] for (f5Tj) . Further we use the proof of Lemma Qj] 
to show that 



sup / dE^ 1 <(C f fi(v)idv) < C fc . 



1 -'\\ v 
Denote = i and estimate 

sup ||l {tl > 0} de>/ m+1 (t)||oo < 0(T.) max sup ||dd/ m+1 ~^)llc 

0<t<T, »<i<H 0<i<T» 



+ C k , T ,\\e^ /o||oo(l + ||e c ^l /olloo) 

+ C,(l + ||e^ I 'l 2 /o|U)|T,e CT -| ( 5 1 rU e c l 5l l 2 | ( 5 1 |U max sup ||da/ m+1 - i (t)|| 00 (104) 

l J l<l<Hn<-«-T. 



0<t<T, 

sup ||d9/-+ 1 - fc (t)|| 0o . 

0<t<T, 

k/5 



We put together f|103[) and (I104p and choose > 1 so that (i) < y^. Then we further choose T* 
<5i <C/t 1 so that 

+ We^folU^e^lS^+e^ 2 ^} < -L. 
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We conclude 



sup ||da/ m + 1 (<)lloo < 1 max sup \\ddf m+1 ~ i (t)|U + ||dd/ |U + C|| e CI-l 2 /o | 

0<t<T, ol<i<fco<t<T» 

Chi 2 



SetD = ||d5/o|| o+C||etl»l f 



di= sup 1 1 da/" 1 (t) j | oo , A< =max{aj,ai_i,--- ,Oi_( fc _i)}, 

0<t<T, 

then we have a TO +i < \A m + £>. Use (|76[) to conclude 

sup ||d9/ m+1 (t)|U < ||dfl/o||oc + l|e c|lj|2 /o||oo. 

0<t<T, 

The existence and uniqueness and the estimate in Theorem [5] are clear for short time T„ > 0. We follow the same 
procedure for t G [T*, 2T*] to conclude 

sup HdS/WIU < n ,T, lldS/CT^Hoo + ||e^"l 2 /o||oo. 

T„<i<2T„ 

Then we conclude the weighted W l '°° part of Theorem[2]following the same procedure for [T* , 2T*] , [2T* , 3T*] , • • • 
Now we consider the continuity of ddf . Remark that for each step ddf m satisfies the condition of Proposition 
Therefore we conclude ddf m € ^([O.TJ x x R 3 ). Now we follow W 1 ' 00 estimate part for d[df m+1 - df m ] 
to show that ddf m is Cauchy in L°°. Then d<9/ m -> d9/ strongly in L°° so that d<9/ G C°([0, T,] x x M 3 ). □ 

Acknowledgements: This work was initiated during the Kinetic Program at ICERM, 2011. Y.Guo's research 
is supported in part by a NSF grant, FRG grant, a Chinese NSF grant as well as Beijing International Center 
for Mathematical Research. He thanks Nader Masmoudi for earlier discussions on the same subject. C. Kim's 
research is supported in part by the Herchel Smith fund. He thanks Division of Applied Mathematics, Brown 
University for the kind hospitality and support and also he thanks Clement Mouhot for helpful discussions. A. 
Trescases thanks the Division of Applied Mathematics, Brown University for its hospitality during her visit. The 
authors dedicate this work to the memory of Seiji Ukai. 

References 



Cercignani, C; Illner, R.; Pulvirenti, M.: The mathematical theory of dilute gases. Applied Mathematical 
Sciences, 106. Springer- Verlag, New York, (1994) 

Esposito, R.; Guo, Y.; Kim, C. ; Marra, R: Non-Isothermal Boundary in the Boltzmann Theory and Fourier 
Law, preprint 

Desvillettes, L.; Villani, C: On the trend to global equilibrium for spatial inhomogeneous kinetic systems: 
the Boltzmann equation. Invent. Math. 159 (2005), no. 2, 245-316. 

Guiraud, J. P.: An H-theorem for a gas of rigid spheres in a bounded domain. In: Pichon, G. (ed.) Theories 
cinetique classique et relativistes, CNRS, Paris, (1975) 29-58, 

Guo, Y.: Regularity of the Vlasov equations in a half space. Indiana. Math. J. 43 (1994) 255-320. 

Guo, Y.: Singular Solutions of the Vlasov-Maxwell System on a Half Line. Arch. Rational Mech. Anal. 131 
(1995) 241-304. 

Guo, Y.: Decay and Continuity of Boltzmann Equation in Bounded Domains. Arch. Rational Mech. Anal. 
197 (2010) 713-809. 

Glassey, R. T.: The Cauchy problem in kinetic theory. Society for Industrial and Applied Mathematics 
(SIAM), Philadelphia, 1996 



36 



[9] Grad, H.: Asymptotic theory of the Boltzmann equation, II. Rarefied gas dynamics. In: Proceedings of the 
3rd international Symposium, pp. 26-59, Paris, 1962. 

[10] Hwang, H-J, Velazquez, J.: Global Existence for the Vlasov-Poisson System in Bounded Domains. Arch. 
Rational Mech. Anal. 195 (2010) 763-796. 

[11] Kim, C: Formation and propagation of discontinuity for Boltzmann equation in non-convex domains. Comm. 
Math. Phys. 308 (2011) 641-701. 



Division of Applied Mathematics, Brown University, Providence, RI 02812, U.S.A., Yan_Guo@brown.edu 

Department of Pure Mathematics and Mathematical Statistics , University of Cambridge, Cambridge, CB3 
0WB,UK, C.W.Kim@dpmms.cam.ac.uk 

Institut de mathematiques de Jussieu, case 472, 4 Place de Jussieu, 75252, Paris, France, tonond@math.jussieu.fr 
CMLA, ENS Cachan, 61, avenue du President Wilson, 94235 Cachan, France, ariane.trescases@ens-cachan.fr 



37 



